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FjiaBa 1 

KaxeropHH h 4)yHKTopbi 



KaTeropHH rpacjDHMecKH npe^CTaBJiaiOT co6oh opHenTHpoBanHbie rpacj^bi, pe6- 

pa KOTOpblX MOJKHO nepCMHOiKaTb, H 3T0 yMHOJKeHHe accoii;HaTHBHO. Ho B 
OTJIHHHH OT TeOpHH rpa(J)OB B TGOpHH KaTGrOpHH HG HHTepGCyiOTCa TaKHMH 

reoMeTpHHecKHMH CBoficTBaMH KaK, HanpHMep, hhcjio KOMnoneHTOB cbhsho- 
CTH rpa(J)a hjih ^jiHna MHHHMajiBHoro nyTH uex^y BepniHHaMH, a nepexo^HT 
Ha Sojiee aScTpaKTHyio TOHKy speHna, nanpHMep, cymecTBOBaHna onpefle- 
jieHHbix oSteKTOB, nocTpoGHHa HOBbix KaTeropHH H3 aa^aHHOH, BsanMOOT- 
HomeHHa MejK^y oSteKTaiviH, KaTeropnaiviH, h TaK ;i;ajiee. Teopna KaTeropnii 
npe^jiaraeT asbiK /i,ocTaTOHHO BbipaaHTejiBHbiii ^jia mhofhx nonaTHH, koh- 
CTpyKn,HH H Teopnii b MaTeMaTHKe, KOTopbiii nacTO ^ejiaeT hbrbimh KaKHe-TO 
CKpbiTbie CTopoHbi TeopHH H no3BOJiaeT no HOBOMy BsrjiaHyTb na BemH. 



1.1 Onpe^ejieHHe KaxeropHH 

Onpe^ejieHHe 1. KaTeropna /C cocmoum U3 deyx HenepeceKatoui^uxcM 
KAQCcoe /Co (o6'5eKmu) u fCi (cmpeAKu). KacHcdou cmpejine f odnosHaHHO 
conocmaeAfiemcH ee uauaAO df u KOHe% cf , nomopue sieAMomcji o6neKma- 
Mu, a KacHcdoMy odseKmy X eduHUUHan cmpeAKa Ix- 

CmpeAKU o6o3HaHaK>mcH f : X ^ Y uau X ^Y, sdeX = df, Y = cf . 
EcAU cf = dg, KaK Sam cmpeAOK f : X ^ Y u g : Y ^ Z , mo onpedeAena 
KOMno3uii,ufi g o f : X ^ Z , HeAHWUnamH cmpeAKOu. Upu smoM 

• {ho g) o f = ho {g o f) 
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( acconuamueHocmb ) 



ho(gof) 




^Y°f = f°lx = f 



f 



(ceoucmeo eduHuii,u) 




f 



KaK oSbiHHO, no yMonaHHio 6y;i;eM npe^nojiaraTb, hto gcjih aaflana ;i;arpaM- 
Ma, cocTOflmafl h3 oS^beKTOB h CTpejiOK, TO ona KOMMymamueHa, to ecTb 
npoH3BefleHHfl Bcex CTpejiOK, BSHTbix BflOJib pasHbix nyTGH Me'JK^,Y ^Byivifl 
BepniHHaMH, coBnaflaiOT. HHor;],a y;],o5HO npHHHTb corjiamenHe, hto Ka>K- 
flbiH o6T.eKT flnarpaMMbi CHaSjKen eme e;i;HHHHHOH CTpejiKofl. B 3tom cjiynae 
npoHSBe^eHHe CTpejiOK, Bsaxbix B;i;ojib nyxn, Ha^HHaiomeMca h aaKannHBa- 
lomeMCfl B oflHoii BepniHne, ^ojijkho paBHHTbca e^nHuu^e, fljia Toro htoSm 
flHarpaMMa 6bijia KOMMyTaTHBHoii. 

/Ipyroe nasBaHHe ^Jia CTpejiOK - MopcJjHSMbi. B ;i,ajibHeHmeM 6yfleM nojib- 
30BaTbca 060HMH. 

IIpHMepbl. 

1. Set, KaTeropHa mho^kgctb h (J)yHKn,HH MejK^y hhmh. 

2. Set*, KaTeropna MHoacecTB c OTMeneHHOH tohkoh h (J)yHKii;HH, coxpa- 
HaiomHX OTMeneHHyio TOHKy. 

3. Mon, Kaxeropna mohoh;i;ob h roMOMopcjDHSMOB. Mohoh^i; sto mho^kg- 
ctbo c o;i;hoh SnHapHOH accoii;HaTHBHOH onepai^Hefi h eflHHHii;eH. Fomo- 
Mop(J)H3M - (J)yHKn,Ha, coxpanaiomaa onepan,Hio h eflHHHn,y. 

4. Grp, KaTeropna rpynn h roMOMop(J)H3MOB. Fpynna 3to mohoh^, b ko- 

TOpOM KajKflblH SJieMGHT oSpaXHM. 

5. Ab, KaTeropna aSejiesbix rpynn n roMOMop(|)H3MOB. A5ejieBa rpynna 
3T0 rpynna c KOMMyxaTHEHbiM cjiojKenneM. 
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6. Vect, KaTeropna BeKTopHbix npocTpancTB h jiHHeiiHbix OToSpajKenHii. 
BeKTopHoe npocTpancTBO sto MHOJKecTBO, sjieivieHTbi KOToporo mojk- 
Ho CKjia^biBaTb H yMHOKaTb Ha nncjia. JlHHeiiHoe OTo6pa>KeHHe sto 
OTo5pa>KeHHe, coxpanHiomee cjiojKeHHe h yMHOJKenHe na ^HCJia. 

7. Top, KaTeropna TonojiorHnecKHx npocTpancTB h nenpepbiBHbix oto5- 
pa>KeHHH. TonojiorHHecKoe npocTpancTBO bto MHOJKecTBO, b KOTopoM 
Bbi;],ejieHbi HCKOTopbie OTKpbiTbie MHO>KecTBa, npe/i,CTaBjifliomHe OKpecT- 

HOCTH TOHCK, yflOBJieTBOpaiOmHe HeKOTOpbIM eCTeCTBeHHbIM aKCHOMaM 

(KaK, HanpHMep, hto nepeceneHHe flbyx OTKpbiTbix MHOJKecTB cnoBa 
OTKpbiTO, H T. fl.). HenpepbiBHaa 4)yHKii;H5i bto (|)yHKii;Ha, y KOTopoii 

npOoSpaSbl OTKpblTblX MHO>KeCTB OTKpblTbl. 

8. Graph, KaTeropna (opneHTHpoBaEHbix) rpac^DOB h OToSpajKeHHH mgjk- 
fly HHMH. FpacJ) npe^CTaBJiaeT co6oh MHOJKecTBO BepniHH, neKOTopbie 
H3 KOTopbix coe;],HHeHbi oflHHM HjiH GojiGG peSpaMH. OTo6pa>KeHHe rpa- 
(|)0B 3T0 OTo5pa>KeHHe, nepeBOflflmee BepmnHbi b BepniHHbi, a peSpa b 
pe6pa c Toii me opneHTaitHeii. 

9. (L, <), npe^ynopHflOHeHHoe MHO>KecTBO, paccMaTpHBaeMoe KaK Kaie- 
ropHa. Hmghho, CKajKeM, ^to ecTb o^na CTpejiKa MejK^y x,y G L, ecjiH 
X < H HH o;i;hoh CTpejiKH B npoTHBHOM cjiy^ae. B npe;i;ynopa;i;o- 
HGHHOM MHOJKecTBe ajieMGHTbi MOJKHO cpaBHHBaTb flpyr c flpyroM, npH 
3T0M Bcer^^a BbinojinaeTca x < x (pe4)JieKCHBH0CTb) m x < y, y < z 

flaiOT X < Z (TpaH3HTHBH0CTb). 

10. * , KaTeropna, cocToamaa h3 o^Horo oSteKTa. B stom cjiynae Bce CTpeji- 

KH MOJKHO nepeMHOJKaTb, H 3T0 yMHOJKeHHe aCCOn,HaTHBHO, TO eCTb 
MHOKeCTBO CTpejIOK oSpaSyGT MOHOH^. 

SaMenaHHe. Bo Bcex npHMepax ne xBaiaeT aKCHOM b onpe^ejienHax 
oStjCktob KaTeropHH. Ecjih ^HTaiejib ne anaKOM c hhmh, to oh jierKO CMO>KeT 
Hx HaHTH B KaKOM-HHSy^b y^eSHHKe ajireSpbi hjih Tonojiornn. 

BBepfiM MHOJKecTBO IC{X,Y) := {f\df = X,cf = Y} h naaoBeivi ero 
ifom-MHO>KecTBOM. /7om-MHO>KecTBO onpe^ejieno ^Jia jiioSmx ji,Byx oSt^gk- 
TOB KaTeropHH. 

Onpe^ejieHHe 2. IIo^KaTeropHH Kamesopuu /C amo KamesopuM, y 
Komopou M.Q C /Co; M.I C fCi, a sukoh yMHOCHcenuM u eduHunnue cmpeAKU 
maKue CHce kgk e K,. UodKamesopuM HasueaemcM nojiHoii, ec./iu Sam aw6mx 
o6neKmoe X,Y e Mo M (X, Y) = K{X, Y) . 



4 



riojiHaa noflKaTeropna onpe^ejieHa naSopoM cbohx oGteKTOB. Hanpniviep, 
ecjiH Mbi B03bMeM flBa MHOJKecTBa A Ti B Ti Bce (|)yHKii;HH 113 A B A, us A 
bS, H3-BBAHH3-BBi?, TO 3TH flaHHbie 3a/i,aiOT HeKOTopyio nojinyio 
no^KaTeropHK) KaTeropHH Set. 

B 3aKjiiOHeHHe naparpa4)a npwejifiM 4)opMajibHoe onpe^ejienHe ji^bovl- 
CTBGHHOH KaTGropHH, KOTopoG ynpoinaeT (|)opMyjiHpoBKH onpe;i;ejieHHH h tgo- 
peM, r^e npHxoflHTca HMeTb ^ejio c OToSpajKenHaMH, MenaiomHMH nanpaB- 
jienne CTpejiOK na npoTHBonojio>KHoe. 

Onpe^ejieHHe 3. Kameeopuji K,"^ nasueaemcsi ^BOHCTBeHHoii namezo- 
puu IC, ecAU ona UMeem me Mce od^enmu u cmpeAKU, ho (^yuKv^uu esHmun 
nanajia u KOHii,a cmpejiKU nepecmaejieHU MecmaMU, mo ecmh d/cop := cjc 
u cjcop := die (uauaAOM naaueaemcH KOHeii,, a kohii,om HanaAO cmpeAKU 
e JC). CoomeemcmeeuHO npouseedenue MensiemcH na npomueonoAootcHoe 
g o^op / := / 0^51. 

ynpa^KHeHHH 1. 1. y6edum'bCH, umo aKcuoMU Kamesopuu (accov,uamue- 
Hocmb u eduHuv^a) eunoAHsnomcsi Bah ecex npuMepoe. 

2. /foKasamti, nmo Ah C Grp u Grp C Mon noAHue nodKamesopuu. 

3. UoKaaamb, umo KacucdoMy MOHOudy coomeemceyem KamezopuH c od- 
HUM o6neKmoM. 

4. y6edumbcfi, umo hukukoso codepcHcameAtHoso cmucag cmpeAKUM e 
Set c npomueonoAootcHUMU uanaAOM u kohz^om ue MOMcem 6umb no- 
cmaeACHO. 

1.2 CneLi,HajibHbie oSiaeKTbi h cxpejiKH 

Onpe^ejieHHe 4. CmpeAna f : X ^ Y nasueaemcM 

• MOHOCTpejiKOH, ecAU Ha nee momcho coKpainamt CAeea: f o g = f o h 
^ g = h, 

• anncTpejiKOH, ecAU na nee mochcho conpaiu^amb cnpaea: g ° f = h o f 
^ g = h, 

• H30CTpejiK0H, ecAU cymecmeyem o6pamHan cmpeAKa: 3/^^ : F — > X 
maKGM umo ° f = ^x, f ° /"^ = ly- 

EcjiH cymecTByeT (xoTa 5bi o^na) H30CTpejiKa MejK^y oSteKTaiviH X nY, 
TO OHH Ha3biBaiOTca H30Mop(|)HbiMH, H 3T0 o6o3HaMaeTC5i X ~ F. 
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"ynpaacHGHHa 2. 1. UoKasamb, umo e Set MOHOcmpeAKU coomeemcey- 
wm UH^eKmuBHUM omo6pacHceHusiM ( UHneKmuenue omo6paotceHUH pas- 
deAHwm aAeMenmu: x ^ y f{x)j^f{y)), anucmpeAKU ctop-deKmue- 
HUM omo6paMceHUfiM (omo6pacHceHUMM na), a usocmpeAKU 6ueKii,ujiM. 

2. /(oKaaamb, umo usocmpeAKa ecesda moho- u anu-. UoKasamb, umo 
o6pamHoe neeepno na npuMepe Kamesopuu npednop^dna (L, <). 

3. Upueecmu npuMep usocmpeAOK e Kamesopuu. 

4- /JoKaaamb, umo npouseedenue MOHOcmpeAOK ecmb MOHOcmpeAKa, npo- 
uaeedenue anucmpeAon ecmb anucmpeAKa, npouaeedenue uaocmpeAOK 
ecmb usocmpcAKa. 

5. /(oKasamb, umo omnomeHue u30Mop(f)U3Ma neAHemcH omnomeHueM 
3K6ueaAeHmHocmu (mo ecmb pe^ACKCueHO X ^ X, cuMMcmpuuHO 
X~F^F~Xt/ mpanaumueHO X^F nF~Z'^X^Z'J. 

Onpe^ejieHHe 5. 06seKm nasueaemcsi HanajifcHbiM, ecAU cyui^ecmeyem 
poena odim cmpcAKa U3 uezo e ak)6ou dpijzou o6-5eKm Kamezopuu: VX G /Cq 
3!/ : — s> X. EcAU, Hao6opom, cym,ecmeyem moAbKO odna cmpeAKa U3 ak>- 
6ozo o6zeKma e dannuu, mo oh nasueaemcM KOHenHbiM u o6o3HaHaemcM 1. 
06T)eKm, mAnmui^uucH odnoepeMeHHO HanaAhHUM u kohchhum nasueaemcsi 
HyjieBbiM u o6o3HaHaemcM mancHce uyACM 0. 

B KaTeropHH MO>KeT ne cymecTBOBaTb hh oflHoro h3 3thx oSteKTOB, hjih 
cymecTBOBaTb, ;i;onycTHM, tojibko o^hh h3 hhx. 

yTBep:»<;fleHHe 1. HanaAbHuu od^enm onpedeACH odnosnaHHO c moHHO- 
cmbto do u30Mop(pu3Ma, mo ecmb ecAU UMcemcM dpysou HanaAbHuu o6'6eKm 

0', mosda cymecmeyem (eduHcmeenHuu) u30Mop(f)U3M MCMcdy humu ~ 0'. 
To CHce CQMoe cnpaeedAueo Bah kohchhoso u uyAceozo o6-5eKmoe. 

ynpa:»cHeHH5i 3. 1. /J^onasamb npueedeuHoe ymeepotcdenue. 

2. Haumu HauaAbHuu u kohchhuu o6'deKmu e Kamezopunx MHOMcecme 
Set u MHOMcecme c omMeneHHOu mouKou Set*. 

3. Haumu uyAeeue o6^eKmu e namesopujix spynn Grp u eenmopHux 
npocmpancme Vect. 
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1.3 QyHKTopbi 



OyHKTopbi HrpaiOT pojib OTo6pa>KeHHH uex^y KaTeropHHMH, coxpanaiomHx 
KaTeropnyio CTpyKTypy. 

Onpe^ejieHHe 6. 3>yHKTop F : K. ^ C amo omo6paafceHue, nepeeodninee 
o6-5eKmu e o6zeKmu, a cmpe/iKU e cmpeAKU, mo ecrrih ecjiu X G /Co; 
FX G Cq, u ecAU / G /Ci, mo Ff G Ci. IJpu amoM 

• F{df) = d{Ff), F{cf) = c{Ff) (coxpaneHue uauaAa u Konna cmpeA- 



• F{g o f) = Fg o Ff (coxpaneHue yMHOOKenuH Sam cmpeAOK, Bah ko- 
mopux OHO onpedeACHo) , 

• F{lx) = Ifx (coxpaneHue eduHuunux cmpeAon). 

/IpyrHMH cjiOBaMH F{f : X ^ Y) = Ff : FX ^ FY, F{X ^ Y ^ 
Z) = FX ^ FY ^ FZ m F{X ^-^ X) = FX FX. 

IIpHMepbl. 

1. Ijc ■ IC ^ IC, e^HHHHHbiii cJjyHKTop, KOTopbiH HasHaHaeT KajK;i;o- 
My oGiseKTy KaTeropHH caivi stot oGijeKT h KajKfloii CTpejiKe caiviy STy 



r^e CHMBOJI, OKpyjKeHHblH BepTHKajIbHblMH JIHHHaMH, 03HaHaeT MHOJKe- 

CTBO HjiH 4)yHKLi,Hio, paccMaTpHBaeMyio 5e3 KaKoii-jiHSo ;],onojiHHTejib- 
HOH CTpyKTypbi. OyHKTop U HasbiBaeTCH 3a6biBaK)ii];HM. Oh aaSbiBa- 
eT rpynnoByio onepaii;Hio na MHoacecTBax h to, mto 4)yHKii;HH MejK^y 
rpynnaMH, roMOMop4)H3Mbi. 

SaSbiBaiomHe (J)yHKTopbi CBasbiBaiOTca oSbinno c KajK;i;oH KaTeropn- 
eii CTpyKTypHpoBaHHbix MHOxcecTB. Tax cymecTByiOT Top — * Set, 
Vect Ah, Vect Set, h Tax ^ajiee. 

3. IlocTOHHHbiH cJjyHKTop Ac \ K, ^ C npHHHMaeT na Bcex oSiieKTax 
SHaneHHe C G £o h na Bcex Mop4)H3Max snaMeHHe Ic G £i. 

4. HeySbiBaiomaa 4)yHKii;Ha / : (L, <) {L', <) h3 o^Horo npeflynopa- 
floneHHoro MHOJKecTBa b ^pyroe flBjiaeTCfl (|)yHKTopoM. 



KU), 



CTpejiKy. 




\G\ 

') - i\G\ 



f\ 



(na oS^beKTax) 
G'\) (na CTpejiKax) 
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5. ifom-(J)yHKTop, onpe;i;ejieHHMH oGiseKTOM K G ICq, sa^aeTca KaK 
Hom{K, -) : /C ^ Set : 

X Hom{K, X) (na oSteKTax) 

(X ^ r) ^ {Hom{K, X) ^ Hom{K, Y)) (na CTpejiKax) 

r;;e f*{g) := fog. 

OyHKTop F : fC ^ C HHflyitHpyeT ji^jin KajK^oii napbi oS^beKTOB X, K G 
A^o OToSpajKeHHe Fxy '■ /C(X, F) — » £(FX, FF). Ecjih KajKfloii na- 
pbi oSteKTOB 3T0 OToSpajKenne HHteKTHBHO (nepeBO^HT pasHbie sjieMGHTbi 

B paSHbie), TO (|)yHKTOp HaSblBaeTCa HHIjeKTHBHblM, eCJIH dOpi-eKTHBHO 

(oTo6pajKeHHe na), to clopijeKTHBHbiM hjih nojiHbiM. 

yTBep:ac^eHHe 2. Kaotcduu 4)yHKmop coxpauHem usoMoprJiusMU, mo ecmb 
ecAU f ecmb usoMopcf^usM, mo Ff mocHce u30Mop(f)U3M. 

3to npocToe npe;i;jTOJKeHHe nacTO aBJiaeTca KJiiOMeBbiM jiflu ;i;oKa3aTejib- 
CTBa Toro, HTO flBa o6T.eKTa HeH30Mop4)Hbi (hmghho, ecjiH y^aeTCfl nocTpo- 
HTb (|)yHKTop B KaTeropHK), r^e o6pa3bi 3thx oStjGktob HeH30Mop(|)Hbi). Ha- 
npHMep, rpynna cocToamaa h3 ^Byx smghtob ne MO>KeT SbiTb H30Mop4)Ha 
rpynne, cocToameft h3 Tpex BJieMGHTOB, TaK KaK (npHMenaeM 3a5biBaioiii;HH 
(jDyHKTop) MHOJKecTBa Hecymne rpynnoByio onepaii;Hio sthx rpynn ne naxo- 

flaTCa B ShGKTHBHOM COOTBeTCTBHH. 

ynpa»cHeHHa 4. 1. JJ^oKaaamh npueedeuHoe ymeepotcdenue. 

2. noKasamb, umo uoahuu (jiyHKmop MOMcem ne coxpansimb moho- u 
anu- cmpeAKU. 

3. /^OKasamb, umo Hey6ueatovj,aM (fiyuKHUM Meatcdy npedynopstdoueHHU- 
Mu MHOCHcecmeaMU neAnemcsi cfiyHKmopoM. 

4- /foKasamb, nmo eAoomeHue nodnamesopuu (e Kamezoputo) neAsiemcH 
(pyHKmopoM. 9mom (pyuKmop uoahuu, ecAU u moAbKO ecAU uodname- 
20pUH uoAuasi. 

5. y6edumbCH, umo Set neAnemcn o6-5eKmoM, a manatee uodKamesopueu 
namesopuu Cat. 

6. /(oKaaamb, umo Hom-cfiyHKmop neAnemcsi cf^yuKmopoM. 

yTBep:ac^eHHe 3. Cyiu^ecmeyem KamesopuM Cat, o6-5eKmu Komopou Ka- 
mezopuu, a cmpeAKU - cl)yuKmopu Meofcdy uumu. 
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3to npe^jioaceHHe nosBOJiaeT npHMenaTb Teopnio KaTeropnii k caiviOH ce6e. 
MacTO BCTpenaiOTca OToGpajKenHH MejK^y KaTeropHHMH, KOTopbie y^o- 

BJieTBOpaiOT BCeM CBOHCTBaM (J)yHKTOpa, HO MGHaiOT MeCTaMH Ha^ajIO H KO- 

Hen; CTpejiOK. TaKne OToSpajKenHa nasbiBaiOT KOHTpaBapnaHTHbiMH (J)yHK- 
TopaMH HjiH npe^nyHKaMH. OSbiHHbie 4)yHKTopbi nasbiBaiOTCH Tor^a ko- 
BapnaHTHbiMH. 

IIpHMepbl. 

1. To:ac^ecTBeHHt.iH KOHTpaBapnaHTHbiii (JjyHKTop I : K, ^ /C°^ 
fleflcTByeT TOJK;i;ecTBeHHO na oS^beKTax h CTpejiKax, ho nanajio h ko- 
Hen, CTpejiOK b Kf^ aa^aiOTCfl naoSopoT Cop ■= d, dop := c. 
OyHKTop / HMeeT oSpaTHbiii /"^ : /C°^ — /C, KOTopbiii ^eiicTByeT b 
TOHHOCTH no TaKOMy jKe npaBHJiy KaK h I. HoBTOMy, jiioSoMy KOHTpa- 
BapnaHTHOMy 4)yHKTopy F : K, C Shckthbho cooTBCTCByeT KOBa- 
pnaHTHbiH (jDyHKTop F o I^^ : /C°p C, KOTopbiii o6o3HaHaiOT toh 
me 6yKB0H F^ h KOTopbiii onpe^ejien na ^BoiicTBeHHoii KaieropHH /C°^ 
(flpyrHMH cjiOBaMH, KOHTpaBapHaHTHbiii 4)yHKTop F : JC ^ C n KOBa- 

pHaHTHblii (J)yHKTOp F : JC"^ — > C CMHTaiOTCH OflHHaKOBblMH). 

2. KoHTpaBapnaHTHbiH iJom-(J)yHKTop, onpe^ejienHbiH oGi-eKTOM K G 
/Co, 3a;],aeTCfl xax Hom{—, K) : IC ^ Set : 

X Hom{X, K) (na oSteKTax) 

{X ^Y)^ {Hom{Y, K) h Hom{X, K)) (na CTpejiKax) 

rfle /,(^) := go f. 

3. MnoiKecTBO-CTeneHB (|)yHKTop P : Set — > Set : 

X ^ V{X) (na oSi-eKTax) 

(X ^ F) ^ ^-^^ P(X)) (na CTpejiKax) 

r^e V{X) := {S* I S* C X} (MHOJKecTBO Bcex no^^MHOJKecTB), 

V{f){S') := {x G X I f{x) G S'} (npooSpaa no;i;MH05KecTBa S' C Y). 

Ynpa^cHeHHa 5. 1. /I^OKaaamh ymeepcncdeHue 3. 

2. UoKaaamt), nmo cyvj^ecmeyem 3a6uean)vj,uu (pyuKmop us namesopuu 
Cat e Kamesoputo opuenmupoeaHHUx zpacpoe Graph (omo6pacHceHue 
MecHcdy spacfiaMU amo ^yuKnusi, nepeeodnw^an eepumnu e eepmuHU, 
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a pe6pa e pe6pa maK, nmo onepaii,uu essimusi uanaAa u KOH%a pe6pa 
coxpaHMwmcsi) . 

3. y6edumbCH, nmo npouseedemie (^ijunmopoe odunaKoeou eapuaumHO- 
cmu daem KoeapuanmHuu (jiyuKmop, a pasHou eapuaHniHocmu - koh- 
mpaeapuaHmHuu. 

4. Haumu KoeapuaHmHyw eepcuw (fiyuKmopa MHOotcecmeo-cmeneHb. 



1.4 EcxecTBeHHbie npeoSpasoBaHna 

EcTecTBGHHoe npeoSpaaoBaHHe mojkho npe^CTaBJiaTb ce5e krk ;i;e(J)opMaii;Hio 
oflHoro 4)yHKTopa b flpyrofl B;i;ojib CTpejiOK. CoflepjKaTejibHO 3th CTpejiKH 
npe;i;cTaBJiaiOT oSmhho KaKoe-TO HHBapnaHTHoe o;i;HHaKOBoe ^Jia Bcex oStj- 
eKTOB npaBHjio. 

Onpe^ejieHHe 7. Uycmb F : JC ^ C, G : JC ^ C dea cf)yHKmopa MecHcdy 
KamesopunMU IC u C Tosda ceMeucmeo C-cmpeAOK {FX ^ GX \ X G ICq}, 
no odnou Bah naoicdoso 06'deKma X U3 fC, nasueaemcM ecTecTBeHHbiM 
npeo6pa30BaHHeM (fiyuKmopa F e (pyuKmop G, ecAU Sam ak>6ou cmpeA- 



FY^^GY 



Ku {f : X ^ Y) G ICi duagpaMMa Ff 



Gf KOMMymamueHa, mo 



ecmh fiy ° F^f = Gf o ^x- 



EcTecTBeHHbie npeoSpasoBanHa o6o3HaHaiOTC5i oSmheo ;i;BOHHbiMH CTpejiKa- 
MH n : F ^ G. CTpejiKH /ix nasbiBaiOTca KOMnoneHTaMH ecTecTBeHHoro 
npeo6pa30BaHH5i /x. 

IIpHMepbi. 

1. EflHHHHHoe ecTecTBGHHoe npeoSpasoBaHHe (|)yHKTopa F : /C — > £ b 
ce6a sa^aeTca e^HHHHHbiMH CTpejiKaMH Ipxi X G JCq. 

2. PaccMOTpHM ;i,Ba (i)yHKTopa: mocncdecmeeHHUu lAb : Ab Ah 11 
cfyHKmop KpyueHUM Tor : Ab Ab. OynKTop Kpy^eHHa HasHanaeT 
KajKflOH aSejiGBOH rpynne A no^rpynny KpynenHa Tor (A) := {a G 

A\3n E N,n ^ 0,na = 0}, a KajK;i;oH CTpejiKe A ^ B ee orpaHmeHne 

/I 

Ha no^rpynny 3JieMeHT0B HenyjieBoro KpynenHa Tor(A) Tor (5). 
Tor^a ecTecTBeHHbiM npeoSpaaoBaHHeM HBjiaeTCH BKjiiOHeHHe rpynn 
Tor (A) ^ A j^jisi Ka.^p,om aSejieBofi rpynnbi A. 
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3. HycTb Rng oGosHanaeT KaTeropnio KOMMyTaTHBHbix KOJien; h tomo- 

M0p(J)H3M0B. KOMMyTaTHBHOe KOJIbIi;0 3T0 MHOJKeCTBO C flByMJI KOMMy- 

TaTHBHbiMH onepan,HflMH, cjiOKenHH h yMHOKenHH, corjiacoBannbiMH 
MejK^y coSoii ^HCTpHSyTHBHbiM saKOHOM a ■ (6 + c) = a ■ b + a ■ c. 
HycTb GLji(n) h R* oSosHanaiOT cooTBeTCTBenHO rpynny no yMHO- 
jKeHHK) n X n-MaTpHii; c BJieivieHTaMH h3 KOMMyTaTHBHoro KOJibii;a R h 
rpynny e^^nnnn; (oSpaTHMbix BJieMenTOb) KOJibn;a R. 
PaccMOTpHM ;i,Ba (|)yHKTopa Gl[^){n), (— )* : Rng Grp. HepEbin co- 
nocTaBjiaex KOJibn,y R rpynny GlR{n), a KOJibu,eBOMy roMOMop(|)H3My 

R ^ S roMOMop4)H3M rpynn GLji{n) — s> GLs{n) : [aij) ^ {f{aij)). 
BTopoH conocTaBjifleT KOJibn,y R rpynny i?*, a KOJibn,eBOMy roMOMop- 
4)H3My ero orpanHHenne na oSpaTHMbie ajieivieHTbi KOJibn;a. Tor;i;a one- 
pan;Ha B3aTH5i onpe;i;ejiHTejia MaTpHn;bi det : GL^^n) — > R* sBJiaeTca 
ecTecTBennbiM roMOMop(J)H3MOM rpynn. 

4. EcjiH Hom{K, —), Hom{K' , —) : /C Set flba KOBapnanTHbix Hom- 
(jDyHKTopa, TO jiioSaa CTpejiKa f : K ^ K' 3a;i;aeT ecTecTBennoe npe- 
6pa30BaHHe Hom{f, — ) : Hom{K', — ) =^ Hom{K, — ) no npaBHJiy 
VX G /C Hom{f, X) : Hom{K', X) Hom{K, X):g^gof. 
Anajiorn^no 3aflaeTca ecTecTnennoe npeo5pa30BanHe KOHTpaBapnanT- 
Hbix ifom-4)yHKTopoB Hom{—,f) : Hom{—,K) — > Hom{—,K') : * i— > 
/o*. 

yTBep»c^eHHe 4. /J^ah a'io6ux deyx Kamezopuu K u C (fiyuKmopu U3 K e C 
odpaaymm Kamesopuw, odzeKmaMU Komopou sieAMomcsi cqmu (fiyHKmopu, a 
cmpeAKaMU ecmecmeeHHue npeodpasoeauuH MecHcdy humu c yMHOotceuueM 

F 

onpedeAeHHUM CAedywiu^UM o6pa30M: ecAU K, - C dea ecmecmeeH- 

H 

Hux npeo6pa3oeaHUH U3 F e G u us G e H, mosda noKOMnoHeHmnaM komuo- 
3uvi,UH cmpeAOK cocmaeAMwmux ecmecmeeHHue npeodpasoeanuH sadaem ho- 
eoe ecmecmecHHoe npeodpasoeanue vo ii : F ^ H c KOMnoHenmaMU i^x^f^x, 
X G /C". EduHuv^aMU e Kamezopuu CAyMcam eduHUHHue ecmecmeeHHue npe- 
o6pa3oeaHusi. 

/^0Ka3aTejibCTB0 . 

AKCHOMa eflHHHn;bi OHeBHflno y^OBJieTBopaeTca, KaK n aKcnoivia accon;HaTHB- 
HOCTH, noTOMy HTO KOMno3Hn;Ha onpe;i;ejieHa noKOMnonenTno. HpoBepHM sb- 
jiaeTCH JiH KOMno3Hn,Hfl u o ^ ecTecTBennbiM npeo6pa30BanHeM. /Jjih SToro 
Bnemnnn npaMoyrojibnnK j^ojixen SbiTb KOMMyTaTHnen 
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FY GY HY 



Ff 



Gf 



Hf HTO TaKJKe BbinojiHfleTCfl, noTOMy mto cocTaB- 



FX GX - HX 
jiaiomne ero KBa;i;paTbi KOMMyTaTHBHbi no ycjiOBHio. □ 

KaTerpHa (|)yHKTopoB h3 /C b £ oSoanaHaeTca ^epea CTenenb C'^. Koh- 
TpaBapnaHTHbie (J)yHKTopbi TaKJKe cocTaBJiaiOT (cboio) KaTeropnio C'^°'' . 

yTBep:a<;^eHHe 5. /I^am a'K)6ou Kamesopuu /C UMewmcn 

• KOHmpaeapuaHiriHuu (pyHnmop IC^ Set'^, 

• KoeapuanmHuu (pyuKmop K, Set^ , 

ade Set , Set coomeemcmeeHHO Kamesopuu KoeapuanmHux u koh- 
mpaeapuaHiTiHux (fiyHKmopoe U3 K, e Set. 

/^OKaaaTejibCTBO . 

Haana^aeM oG^beKTaM h CTpejiKaM ifom-(J)yHKTopbi KaK b npHMepe 4. Hpo- 
BepKa Toro, hto bto ^aeT (J)yHKTopbi, ocTaeTca b KanecTBe ynpajKHGHHa. □ 

ynpa»cHeHHH 6. 1. ydedumhCH, umo e npueedennux npuMepax deu- 
cmeumeAhHO onpedeAenu ecmecmeeHHue npeo6pa3oeaHusi. 

2. Hapucoeamti KOMMymamueHuu Keadpam Sah ecmecmeeHHOzo npeo6- 
paaoeanuH KOHinpaeapuaHmHux (fiyuKmopoe. 

3. BocnoAHumb Hedocmatomue demaAU e doKasameAbcmeax ymeepotcde- 

HUU. 



1.5 2-KaTeropHH 

EcTecTBGHHeH H npome paccMaTpHBaTb KaTeropnio Cat KaK cocToamyio h3 
KaTeropnii b Ka^ecTBe oG^beKTOB, (|)yHKTopoB b KanecTBe CTpejiOK h ecTe- 
CTBeHHbix npeoSpaaoBaHHH b KaMecTBe flByiviepHbix CTpejiOK (2-CTpejiOK). 3to 
npHBO^IHT K noHaTHK) 2-KaTeropHH. 

Onpe^ejieHHe 8. 2-KamezopuH K, cocmoum U3 mpex uenepeceKaiomuxcsi 
KAaccoe K,Q (o6-5eKmu), fCi (1-cmpeAKu), IC2 (2-cmpeAKu), npu amoM 

• dAH aAeMenmoe KAaccoe JCq u /Ci cymecmeywm eduHUHHue cmpeA- 
Ku, Ha eduHuv^y 6oAbiueu pasMepHocmu, hem ucxodnuu o6seKm uau 
cmpeAKa, 
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Ha KJiaccax /Ci u IC2 onpedejieuu onepav^uu d (essimusi uauaAa) u c 
(esHmuH KOH%a) cmpeAKU, manue nmo dc = dd, cd = cc (cMompume 
KapmuHKy • !!!^]T^ • ), 

Ha 1-cmpeAKax u 2-cmpeAKax onpedeAeno o6uHHoe yMHOCHcenue fog 
( UAU jj, o u), ecAU KOHe% nepeou cmpeAKU coenadaem c HanaAOM emo- 
pou, mo ecrrih eg = df (uau cv = dji) (na duaspaMMax amo 6y- 

dem • — ^ • — ^ • UAU • • ). IIpu amoM yMHOMcenue o Bah 

1- cmpeAOK nasueaemcM ropHSOHTajibHbiM, a Bah 2-cmpeAOK sepTH- 

KajIbHblM, 

dAfi 2-cmpeAOK onpedeAeno ropHSOHTajitHoe yMnootcenue /J^* ecAU 

F H 

ddjjL = ecu (mo ecmb • • .,.^4^ • ), npu amoM 

G J 

— mun npouaeedenuH ecmb jj,*u: HoF^JoG, 

— 1h *iF = I//0F dAM Aw6ux yMnoMcacMux l-cmpcAOK F u H, 

(ancuoMa edunuu,u) Bah f : X ^ Y u Bam h : f => g eunoAnnemcH 
° f = f = f o^x, IgO n = n = nolf, * /i = /i = /i * li^, 

(aKcuoMa acconuamuenocmu) f o [g o h) = {f o g) o h, ji o {p o rf) = 
{fi o u) o r] , a * {/3 * 'j) = {a * P) * '-y (Bah ecex cmpeAOK, Bah Komopux 
npouaeedenuH onpedcAenu), 

(nepecmanoGKa onepau,uu) (5 o 7) * (/3 o a) = (5 * /5) o (7 * a) Bah 

2- cmpeAOK, pacnoAOMcennux CAedymu^UM o6pa30M ' - - 



3to fljiHHHoe onpe;i;ejieHHe bbo^ht ecTecTBeHHbie npaBHJia, c noMombio 
KOTopbix MOJKHO npoH3BOflHTb BbiHHCJieHHJi CO CTpejiKaMH. Ho cymecTBy, 
yTBepjK;],aeTCfl, ^to BbiHHCJieHHe c oj^iom onepan,Heii o hjih * ne aasHCHT 
OT paccTanoBKH ckoSok, ^to ej^nmu^a norjiomaeTCfl oSbi^HbiM oSpaaoM, h 
^TO onepan,HH oh* KOMMyTHpyiOT (nepecTaHOBOHHbi). /Jpyroe onpe/i,ejieHHe 
MOJKHO HaiiTH B ynpajKHeHHH 1. 

IIpHMepbl. 

1. KaTeropna Cat sBJiaeTca 2-KaTeropHeH c ropnaoHTajibHbiM yMHOJKe- 

F H 

HHeM fljia 2-CTpejiOK • .^j^ik^ • • , onpeflejiennbiM cjie;i;yioiii;HM 06- 

G J 

paaoM (/3 * a)x '■= J{ctx) o Pfx (^to TaK»ce paBHO Pax ° H{ax), 
nocKOJiBKy P ecTecTBGHHoe npeoSpaaoBaHHe. /JeHCTBHTejiBHO, KBa^paT 
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HEX 



JFX 



Hax 



Jax KOMMyTaTHBHblii HO OnpeflejIGHHIO eCTeCTBGHHO- 



EGX 



Pax 



JGX 



TO npeoSpaaoBaHHa (3). 

^OKaaaTejibCTBO accoii;HaTHBHOCTH * h nepecTanoBOHHoro aaKona ji^jia 
* H o ocTaBjiflGM HHTaTejiK) B KaMecTBG ynpa>KHeHHa. 

Cat, paccMaTpHBaeMafl KaK 2-KaTeropHfl, oSosHanaeTCfl 2-Cat. 

2. ifom-(i)yHKTop 2-Cat(/C, — ) : 2-Cat 2-Cat sBJiaeTca TaK nasbi- 
BaeMbiM 2-4)yHKTopoM (KOTopbiii OTo5pa>KaeT oST^eKTbi b oS^beKTbi, 1- 
CTpejiKH B 1-CTpejiKH, 2-CTpejiKH B 2-CTpejiKH, coxpanaeT efj^vrnwahi h 
o5e onepaitHH). Oh Haana^aeT KaTeropHH C 1-KaTeropHio (|)yHKTopoB 
H3 /C B £, TO ecTb 2-Cat(/C,£), (J)yHKTopy F : C ^ M. 4)yHKTop 
2-Cat(/C,F) : 2-Cat(/C,/:) ^ 2-Cat(/C,A<) : G F o G, h ecTe- 
CTBGHHOMy npeoSpasoBaHHK) jj, : F ^ H, r^e F^H : KL ^ C 4)yHKT0- 
pbi, ecTecTBGHHoe npeo6pa30BaHHe 2-Cat(/C,/i) : G ^ ji * 1g, r;],e G 
npo6eraeT o6T.eKTbi ((J)yHKTopbi) b 2-Cat(/C,£). 

3. 2-Top cocTOHT H3 TonojiorHHecKHx npocTpancTB b Ka^ecTBe o6T>eK- 
TOB, nenpepbiBHbix OTo5pa>KeHHH b KanecTBe 1-CTpejiOK h roMOTonnii 
(TOHHee, KjiaccoB SKBHBajieHTHOCTH roMOTonHH) B Ka^ecTBe 2-CTpejIOK. 
FoMOTonna (=fle(J)opMaii;H5i) a : f ^ g MejK^iy flByivia HenpepbiBHbiMH 
OTo6pa>KeHH5iMH f: X^Yug: X^Y onpeflejiaeTca KaK 'nyTb' 
at : X ^ Y, t E [0, 1], TaKofi hto ao(x) = /(x), ai{x) = g{x) ^jih Bcex 
TOHGK X G X, H 4)yHKn,Hfl «-(— ) : [0, 1] X X — > y nenpepbiBHa. 
FopHSOHTajibHoe yMHOJKeHHe ^Jia nenpepbiBHbix (|)yHKn,HH oSbinnaH kom- 
no3Hii;Ha (/ o g) ■= f(g(x)), x G X, BepTHKajibHoe yMHoaceHHe ;i;jia 



nojiOBHHy 'BpeMeHH' BbinojiHaeTCfl a, a BTopyio /3). FopiiaoHTajibHoe 
yMHOJKeniie * ^Jiii roMOToniiH noxojKe na cooTBeTCTByiomee yMHOJKe- 
HHe B 2-Cat H ocTaBjiaeTca b KanecTBe ynpa>KHeHHa. 

4. 2-4)yHKTop 2-Top(l, — ) : 2-Top 2-Cat, r^e 1 oflHOTonennoe to- 
nojiornnecKoe npocTpancTBO, nasbiBaeTca (J)yHKTopoM bshthsi cjjyn- 
^aMGHTajibHoro rpynnoH^a. Oh naana^aeT TonojiormecKOMy npo- 
CTpancTBy 2-KaTeropHio, o6T.eKTaMH KOTopofl aBJiaiOTca tohkh npo- 
CTpancTBa, l-CTpejiKaivin nenpepbiBHbie nyTH MejK;i;y TOHKaiviH, 2-CTpeji- 

KaMH rOMOTOHHH (KJiaCCbl 3KBHBajieHTH0CTH rOMOTOHHIl) MeX^J HyTfl- 

MH. 3tot (J)yHKTop HMeeT BaiKHbie HpHMeneHHa b Tonojioriiii. 




[0,1/2] 
[1/2,1] 
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"ynpaacHGHHa 7. 1. Cytjuecmeyem 6o.aee adcmpaKmnoe onpedeAenue 2- 
Kamezopuu. HjueHHO, 2-Kame2opufi K, cocmoum us K./iacca o6zeKmoe 
/Co, dAH nacHcdux deyx aAeMenmoe Komopozo X,Y G /Co HasHaHena 
KamezopuH 1C{X,Y), o6zeKmu Komopou HaaueatomcM 1-cmpeAKaMU, a 
cmpeAKU 2-cmpeAKaMU. /I,asi naatcdou Kamezopuu euda /C(X, X) umb- 
emcM cf^yuKmop / : 1 — > 1C(X,X), sde 1 namesopuji cocmojiinaji us od- 
H020 o6'5eKma u odnou cmpeAKU, (eudeAMWiu^uu Ix u li^ e 1C{X,X)). 
/I,AH KaMcdou mpouKU o6zeKmoe X, Y, Z UMeemcn ^ynnmop yMUOotce- 
HUM * : }C(Y, Z) X /C(X, Y) /C(X, Z). IJpu amoM eunoAHHwmcH 

(ancuoMa edumiu^u) 

/C(X, X) X /C(X, Y) — ^ /C(X, Y) /C(X, Y) x /C(X, X) — ^ /C(X, Y) 



Ixl 



pr2 



pri 



1 X /C(X,F) 
u (ancuoMa accou^uamueHocmu) 

]C{Z,W) X (/C(F,Z) X /C(X,r)) 



IC{Z,W) X /C(X, Z) 



/C(X,F) X 1 



(/C(Z, ly) X /C(r, Z)) X /C(X, Y) 



*x 1 



)C(js:,y) 



/c(y, ly) X /c(x, y) 



/c(x, ly) 

B onpedeACHUu ucnoAhsywmcH npouseedenuM namesopuu euda JCxC u 
npouseedenuM (pyuKmopoe euda F x G. He daean (popMaAhuozo onpe- 
deAenuH, moAtKO oniMemuM, umo o6seKmu npouseedenun Kamesopuu 
amo napu o6'5eKmoe coomeemcmeywiu^ux Kamesopuu, cmpeAKU napu 
cmpeAOK, u ece onepau^uu eunoAHHwmcn noKOMnoHenmHO. Upouseede- 
Hue (pyuKmopoe deucmeyem no ^opMyAe {F x G){K,L) := {FK,GL) 
(na o6^eKmax) u {F x G){f,g) := {Ff,Gg) (ua cmpeAKax). QyuKmo- 
pu npoeKu^uu pri : K, x C ^ fC u pr2 : /C x £ — > £ eudeAHwm co- 
omeemcmeeHHO nepeyw u emopyio KOMnoHenmy napu (o6-5eKmoe uau 
cmpeAOK). 

C moHKU spenuM amoso onpedeAenun sopusonmaAbHoe yMHomcenue 1- 
cmpeAOK CAedoeaAO 6u o6o3HaHamt> nepes *. 

HumameAK) npedAasaemcsi npoanaAusupoeamb amo onpedeAenue u y6e- 
dumtcn, umo ono aKeueaAenmno dannoMy e meKcme. 

2. /I^OKasamh accou^uamuenocmb u nepecmanoeoHHUu sanon dAH * e Ka- 
mezopuu 2-Cat. 
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3. Bunucanih sieHym c^opMyAy Oah zopuaoHmaAhHozo yMHOMceuuH somo- 
monuu. 

4. y6edum'bCH, umo (pyuKmop essimuH (pyHdaMenmaAhHozo epynnouda na- 
3HaHaem HenpepuenuM omodpaMceHUHM (pyuKmopu, a soMomonuHM 
ecmecmeeHHue npeodpasoeanuH. 

SaMenaHHe. OSbiHHbie KaTeropHH MoryT 5biTb na^ejieHbi CTpyKTypofi 
2-KaTeropHH no KpaiiHeH iviepe ;i;ByM5i pasHbiMH cnoco6aMH. Kor;i;a BBO^iaTca 
TOJibKO e^iHHHHHbie 2-CTpejiKH jiflu KajK;i;oH 1-CTpejiKH KaTeropHH. H Kor^a 
CHHTaeTCH, HTO Me>K^y jhoSmmh fxeymn napajiJiejibHbiMH CTpejiKaMH (to ecTb 
c oSmHM na^ajiOM h KOHn,OM) cyntecTByeT ofj^Yia. h tojibko o^na 2-CTpejiKa. 

1.6 3KBHBajieHTHOCTH B 2-KaTeropHH 

HacTO B MaTGMaTHKe HHTepecyiOTca BonpocoM, cyHi;ecTByeT jih o6pamuMoe 
npeo5pa30BaHHe o^noro o5T.eKTa b ^pyroH, npn btom npeoGpaaoBanHH mo- 
ryT 6biTb 6ojiee hjih Menee oSpaTHMbiMH. CooTBeTCTBenno BBO^HTca CTporne 

BKBHBajieHTHOCTH (hJIH H30M0p(J)H3Mbl) H CJia6bie SKBHBajieHTHOCTH. 

Onpe^ejieHHe 9. l-cmpeAKa f : X ^ Y e S-Kamesopuu K, nasueaemcsi 

• CTporoii 3KBHBajieHTHOCTi>io, ecAU cymecmeyem odpanmaH cmpeA- 
Ka g : Y X , mo ecmt manaH cmpeAKa, nmo g o f = Ix, f ° 9 = ly, 

• cjia6oH 3KBHBajieHTHOCTi>io, ecAU cymecmeyem cmpeAKa g : Y 

X , u cymecmeytom o6pamuMue 2-cmpeAKU a u u manue, nmo go f ^ 
Ix, f og ^ ly- 

B OHpe;i;ejieHHH cyHi;ecTBeHHO, hto amuj oSpaTHMbi (to ecTb 2-H30Mop(|)H3Mbi). 
CnjibKbie SKBHBajieHTHOCTH o6o3HaHaiOTca X ^ y, a cjiaSbie X Y . Co- 
OTBeTCTBeHHO H30Mop(|)Hbie o6T.eKTbi o5o3HaHaiOTca X ~ y, a (cjia6o) sk- 
BHBajieHTHbie X ^ Y . 

O^eBU^HO, CTpOrne 3KBHBajieHTH0CTH HBJIHIOTCa CJia6bIMH (flOCTaTOHHO 

nojioJKHTb a = li^, uj = liy), HO He naoSopoT. 

IIpHMepbl. 

1. B KaTeropHH MHOJKecTB Set, paccMaTpHBaeMoft KaK 2-KaTeropHH c e^n- 

HHHHblMH TOJibKO 2-CTpejIKaMH, BCe CTpOrHe SKBHBajieHTHOCTH COBHa- 

flaiOT CO cjiaSbiMH h aBJiaiOTca 6HeKn;HaMH MHOJKecTB. Ecjih paccMaT- 
pHBaTb Set c 2-CTpejiKaMH, cyin;ecTByiOHi;HMH ho o^hoh ^Jia KajK^OH 
napbi HapajiJiejibHbix CTpejiOK, to ctpothmh SKBHBajienTHOCTaMH Sy^yT 
6HeKn,HH, a cjia6biMH jiioSbie OTo6pa>KeHHfl MejK^y HenycTbiMH mho^kc- 
CTBaMH. B HOCJie^neM cjiynae Bce HenycTbie MHO>KecTBa BKBHBajienTHbi. 
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2. B KaTeropHH 2-Cat OTHomeHne H30Mop4)H3Ma HBJiaeTca cjihiukom jkgct- 
KHM, HO TGM HG MGHee nojiesHbiM. Oho BbipajKacT (|)aKT, HTO ;i;Be KaTe- 
ropHH 'aScOJIIOTHO' O^HHaKOBbl, XOTfl, MOJKGT SblTb, OHHCaHbl HO pa3- 

HOMy. TaK KaTeropHH Ab H30Mop4)Ha KaTeropnn Z-MO^yjien Z-Mod. 
Tj-MOjiyjih 3T0 aSejiesa rpynna, 3JieMeHTbi KOTopoH mojkho yMHO>KaTb 
Ha n;ejibie HHJia, c npocTbiMH aKcnoMaiviH. Ka3ajiocb 6bi, flonojiHHTejib- 
Haa CTpyKTypa yMHO^Kenna na HHCJia ;i;oji5KHa ;i;ejiaTb KJiacc Z-MO^yjieii 
MeHbHie, HeM Kjiacc aSejienbix rpynn, ho sto yMHO>KeHHe BbiBo;],HTCH h3 
BHyTpeHHen CTpyKTypbi rpynnbi, TaK mto KajK^aa a6ejiBa rpynna ecTb 
Z-Mo;],yjib (n ■ a = a + ■ ■ ■ + a (n pa3)). 

OTHomeHHe cjiaGoii BKBHBajieHTHOCTH b 2-Cat Ha3biBaeTca npocTO ot- 
HomeHHeM SKBHBajienTHOCTH KaTeropHH. CorjiacHO OHpe;i;ejieHHK), ec- 

F 

JIH ]C ^ C SKBHBajieHTHOCTb KaTerOpHH /C H £, TO X ~ GFX, 

G 

Y ^ FGY ;i,jia Bcex o5T.eKTOB X E ICq, Y E Cq. HanpHMep, Ka- 
Teropna BeKTopnbix npocTpancTB Vect BKBHBajienTna CBoeii hojihoh 
HOflKaieropHH, cocTOflmeii h3 KanoHnnecKHx Hpe^CTaBHTejieii BeKTop- 
Hbix HpocTpancTB jiflu KajKfloii pa3MepH0CTH 0, /c, fc^, . . . , /c*^, . . . , r^e 
k ecTb noAe HHceji, na KOTopbie yMHoacaroTca sjieivieHTbi BeKTopnbix 
HpocTpancTB. 

3. Bo3bMeM flBa o6T.eKTa b 2-Top, HMenno, npaMyro jihhhk) h TOHKy. To- 
r^a 3TH ;i;Ba o6T.eKTa ne H30Mop4)Hbi b 2-Top, TaK KaK H30Mop(J)Hbie 
o5T>eKTbi B 2-Top ^ojiJKHbi SbiTb H30Mop4)Hbi B 2-Set (c 2-CTpejIKaMH, 
BbiSpaHHbiMH HO oflHoii ^jifl Ka>KflOH napbi napajiJiejibHbix CTpejroK 
B Set) na tom ocHOBannH, hto mm HpHMenaeM 3a5biBaK)n],HH (J^ynK- 

TOp. Ho TOHKH HpaMOii H O^^Ha TOHKa He MOryT SblTb bo B3aHMH0- 

o;];H03HaMHOM cooTBeTCTBHH. TeM He Menee, npjiMaa h TOHKa cjiaSo sk- 
BHBajieHTHbi B 2-Top. /JoKasaTejibCTBO ocTaeTca nnTaTejiro. 

yxBepxc^eHHe 6. OmHouienusi usoMopcfiusMa u CAa6ou 9KeueaAeHmHocmu 
jieAJiwrncsi omHouienusiMU aneueaAeHmHocmu (mo ecmt pecfiAencueHU, cum- 
MempuHHU u mpaH3umueHu) . 

^OKasaTejibCTBO. ^Jia H30Mop(|)H3Ma 3T0 yjKe ;i;oKa3aHO b ynpajKHennH 
2.5 Haparpa(|)a 1.2. /JoKajKeM npe^jio^KeHHe ^Jia cjia6oH BKBHBajienTHOCTH. 

(pecJiJieKCHBHOCTb) X ~ X, ;],jifl 3Toro BbiSnpaeM l-cipejiKH X X h 

2-CTpejiKH a = (3 = li^, 

(cHMMeTpHHHOCTb) X ~ K =^ Y ~ X, fljia SToro MenaeM MecTaMH an/?, 
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(TpaH3HTHBH0CTb) X ~ F H F ~ Z ;i;aiOT X ^ Z, fljia SToro paccMOT- 

PHM ^HarpaMMy X ^ Y ^ Z H BblMHCJIHM Ix ^ GoF^Golyo 

G J 

F =^ G o J o H o F, TO ecTb Ix — {G o J) o (H o F). AnajiornHHO, 
Iz — {H o F) o (^G o J). CjieflOBaTejibHO, X ~ Z. □ 

ynpa^KHeHHa 8. 1. /(oKasamb ece ymeepcHcdeHUM npuMepa 1. 

2. /^OKaaamt), nmo npnMasi u moHKa CAa6o aneueaAeHmHU e namesopuu 
2 -Top. 

3. /foKasamt), umo eepmuKaAhHan u sopuaoHmaAhHan KOMno3u%uu 2- 
u30Mop4>u3Moe damm 2-u30Mop(pu3MU. 

4- /foKa3amb, nmo Sam 1-cmpeAOK F: Y-^ZuG: W^X sopu30H- 

maAhHUe l/MHOCHCeHUM 

F * ■ )C(X Y) — i> }C(X Z) ■ { ^ ^ ^ ° ^ (^^ o6zeKmax) 
' ' l^yUi— ^l^*/! {ua cmpeAKax) 

„ f H^HoG [ua o6?ieKmax] 

- * G : }C(X,Y) }C(W,Y) : < , ) ( jigaji- 

yU I— s> /i * Ic [Ha cmpeAKax) 

lomcsi (^yuKmopaMU. 

5. /I,0Ka3amh, nmo eAOMcenue noAHOu nodKamezopuu £ ^ /C maKou, nmo 
nacHcduu o6seKm us JC usoMopcfieH neKomopoMy od'senmy e C, neAHem- 
CH 3K6ueaAeHmHocmbm. 
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FjiaBa 2 

IIpe^CTaBHMbie 4)yHKTopbi 



ripeflCTaBHMbie (JjyHKTopbi asjiaiOTca caMbiM CTapoMO^nbiM cpe;i;cTBOM b tgo- 
pHH KaTeropHH, ho yfloSnbi tgm, hto nosBOJiaiOT pacciviaTpHBaTb c e^HHoii 
TOHKH 3peHHa pasHbie Bonpocbi (npe^ejibi, Konpe^ejibi, conpajKeHHOCTb h 

2.1 npe;],CTaBHMbie cJ^yHKTopbi. Bjio:aceHHe Ho- 
He^bi 

Onpe^ejieHHe 10. • KoeapuaHirmuu (pyHKmop F : IC ^ Set nasuea- 
emcsi npe/i;cTaBHMbiM, ecau oh usoMopcjjeH Hom-cf^yHKmopy IC{A, — ) : 
/C — Set dAsi HeKomopozo o6'5eKma A E ICq, mo ecmt ecAU cyut^ecmey- 
em ecmecmeeHHoe npoe6pa3oeaHue x '■ ^{A, — ) =^ F ece KOMnoHeHmu 
Komoposo xx '■ IC{A,X) -=> F{X) 6ueKii,uu. 

• AHaAosuHHO, KOHmpaeapuaHmHuu (pyHKmop F : /C°p — > Set nasuea- 
emcji npe^CTaBHMbiM, ecAU oh usoMopcjieH Hom-c^yHKmopy /C(— , A) : 
jQop _^ HeKomopozo o6seKma A G ICq, mo ecmb ecAU cyme- 

cmeyem ecmecmeeHHoe npoeSpasoeaHue x '■ }^{—,A) =^ F ece komho- 
Henmu Komoposo Xx '■ ^{X, A) F{X) 6ueKv^uu. 

06T>eKT A HasbiBaeTca npe^CTaBjiaioinHM o6i>eKTOM. MnoiKecTBO FA co- 
flepjKHT xapaKTepHbiH ajieivieHT xa{^a)i KOTopbili HasbiBaeTca ynnBepcajib- 

HblM 3JieMeHTOM. 

Ha onpe;],ejieHHfl yHHBepcajibHoro sjieivieHTa h Toro, hto x ecTecTBeHHoe 
npeoSpaaoBaHHe, cjie^yeT, ^to Bce KOMnoneHTbi x nojinocTbio onpe^ejienbi 

CaMHM (J)yHKTOpOM F H yHHBepCajIbHbIM SJieMGHTOM Xa{^a)- ^efiCTBHTejIbHO, 

paccMOTpHM ;i;HarpaMMy (nanpHMep, fljia KOHTpaBapnaHTHoro 4)yHKTopa F) 
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X /C(X, A) FX 



f 



F(f) nojiy™ XX o /C(/, A){1a) = Ffo xa{Ia) 

A IC{A,A)^^FA 

HJiH Xxif) = F{f){XA{^A))- Ha nocjie^iHeH (|)opMyjibi TaKJKe cjieflyeT, hto 
4)yHKTop F CO 3HaHeHH5iMH B KaTGropHH MHOJKecTB npe;i;cTaBHM TOrfla H 
TOJibKO TOT^a, Kor^a cymecTByioT oG^beKT A G JCq m sjieivieHT a G FA xa- 
KHe, HTO OTo6pa>KeHHe F(—)(a) : IC{X,A) FX GneKTHBHO ^Jin Ka»c- 
floro X G /Co KOBapnaHTHoro (|)yHKTopa OTo6pa>KeHHe 6yfleT Tnna 

F(-)(a) : /C(A,X) ^ FX). 

EcjiH BBecTH 'KaTeropHK) ajieMGHTOB', oGiseKTaMH KOTopoH aBJiaiOTca na- 
pbi (C, c), r;i,e C G /Co, c G FC, a CTpejiKaMH / : {B,b) — * {C,c) cjiy>KaT 
CTpejiKH (/ : i? ^ C) G /Ci TaKHe, ^to F(/)(c) = 6 (flJifl KOHTpaBapnaHT- 
Horo 4)yHKTopa F) hjih F(/)(6) = c KOBapnaHTHoro (JjyHKTopa F), to 
KOHTpaBapnaHTHbiH 4)yHKTop F : /C°^ — Set npeflCTaBHM oSteKTOM A c 
yHHBepcajibHbiM sjieMeHTOM a Tor^a h TOJibKO Tor;i;a, Kor^a {A, a) aBJiaeTca 
KoneuHUM o6'5eKmoM b KaxeropHH 3jieMeHT0B, h cooTBeTCTBenHO KOBapH- 
aHTHbiii (J)yHKTop F : /C — > Set npe^CTaBHM oGt^grtom A c yHHBepcajiBHbiM 
sjieMGHTOM a Tor^a h tojibko Tor^a, Kor^a (A, a) aBjiaeica HanaAbHUM o6n- 
enmoM b KaTeropHH sjieivieHTOB. 

OyHKTop F : /C ^ Set mojkgt Sbitb npe^CTaBHM pasHbiMH oGiseKTaMH 

H3 /C C COOTBeTCTBGHHO paSHblMH yHHBepCajIbHblMH BJieMGHTaMH. O^HaKO, 

B Ka>K/i,OM H3 3THX cjiy^acB npe^CTaBjifliomaH napa HBjiaeTCH na^ajibHbiM 
oSteKTOM B KaTeropHH ajieivieHTOB, h 3to snaHHT, ^to gcjih (A, a) h (A', a') 
flBe npeflCTaBJiJHomne napbi fljia (J)yHKTopa F, to cymecTByeT e^HHCTBeHRbiH 
H30Mop(J)H3M MGJK^^y HHMH / : (A, o) ^ (y4',a'). AnajiorHHRO, flJia KOHTpa- 
BapnaHTHoro npeflCTaBHMoro (J)yHKTopa F : /C°^ — Set napa (A, a) onpe^e- 
jiena odnosHaHHO c moHHOcmhw do usoMoprJiusMa. 

IIpHMepbi. 

1. ifom-(J)yHKTop }C{A,—) aBjiaeTca npe^CTaBHMbiM c npe^CTaBjiaiomHM 
o6T>eKTOM A, TaK KaK OH H30Mop(|)eH caMOMy ce5e. Bjio>KeHHe KaTe- 
ropHH ifom-4)yHKTOpOB B KaTeropHK) BCeX Hpe^CTaBHMblX (|)yHKTOpOB 
HBJiaeTCa SKBHBajieHTHOCTbK). 

2. KoHTpaBapnaHTHbiH cJjyHKTop MHO>KecTBO-CTeHeHb V : Set — Set 
Hpe;i;cTaBHM flByxBJieMeHTHbiM MHOxcecTBOM, HanpHMep, {0, 1} (b to 
jKe BpeMa KOBapnaHTHbiH (J)yHKTop MHOxcecTBO-CTeHeHb ne aBJiaeTca 
Hpe;i;cTaBHMbiM). ynHBepcajibHbiM BJieMeHTOM aBJiaeTca oflHoajieMeHT- 

HOe HO;],MHO>KeCTBO {0} G ^({0,1}) HJIH {1} G V{{0,1}). ^encTBH- 

TejibHO, P(-)({0}) : Set(X, {0, 1}) ^ V{X) : / ^ r\{0}) HBjiaeTca 
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GneKi^Heii (oSpaTHoe OToSpajKenne conocTaBJiaeT noflMHOJKecTBy mho- 
jKecTBa X 4)yHKii;Hio, paBHyio Hyjiio na 3tom no^MHOJKecTBe h eflHHHii;e 
BHe ero). 

3. 3a5biBaioiii,HH (J)yHKTop U : Top —>■ Set sBJiaeTca npeflCTaBHMbiM o;i;- 
HOTOHeHHbiM TonojiormecKHM npocTpancTBOM 1. ^Jia ynnBepcajibHO- 
ro BJieMGHTa hgt BbiSopa, KpoMe caMoii stoh to^kh. OSoananHM ee * 
(* e f/(l)). npoBepaeM, f/(-)(*) : Top(l,X) ^ U{X) : / ^ /(*) 
aBJiaeTca SneKiiHeii (oSpaTHoe npeoSpaaoBaHne HasHanaeT sjieMCHTy 
X G U{X) G Seto HenpepbiBHyio (J)yHKii;Hio / : 1 — > X c eflHHCTBen- 
HblM 3HaHeHHeM x). 

4. 3a5biBaioiii;HH (|)yHKTop U : Vect — > Set aBJiaeTca npe;i;cTaBHMbiM. 
npe;i;cTaBJiaioiii;HH oSteKT ecTb k (nojie CKajiapob), paccMaTpHBaeMoe 
KaK o;i;HOMepHoe BeKTopnoe npocTpancTBO. yHHBepcajibHbiM sjieuen- 
TOM aBjiaeTca eflHHHn,a nojia lEk. HpoBepaeM, f/(— )(1) : Vect(A;, X) ^ 
U{X) : / /(I) aBjiaeTca 6HeKn,HeH, Tax KaK ^jia jiioSoro 3JieMeH- 
Ta X BeKTopHoro npocTpancTBa X Han^eTca e;i;HHCTBeHHaa jiHHeiiHaa 
(J)yHKii;Ha, OToGpajKaiomaa 1 G fc b 

3a;],aBafl (J)opMyjiy ecTecTBGHHoro npeo6pa30BaHHH F(— )(a) ifom-4)yHK- 
Topa IC{A, — ) B npe^CTaBHMbiH (J)yHKTop F, mm HHKaK ne y^HTbiBajiH aapa- 
Hee, HTO 3T0 ecTecTBGHHoe npeoSpaaoBaHHe Sy^eT h30mop(J)H3mom {sto aB- 

JiajIOCb ^OnOJTHHTejIBHblM yCJIOBHeM flJIH npOBepKH, ^TO oS^beKT A H ajieMGHT 

a onpe^ejiaiOT npe^CTasHMbiH (J)yHKTop F). 3to snaHHT, hto npoHSBOJiBHoe 
ecTecTBGHHoe npeoSpaaoBaHHe ifom-4)yHKTopa /C(/l, — ) b jiioSoh 4)yHKTop 
F CO 3HaMeHHaMH b KaTeropHH MHOJKecTB Bbirjia^HT tomho TaKace F{—){a). 

yTBep:»<;^eHHe 7 (JleMMa Hone^bi). Cymecmeyem eaauMHO-odHoanaHHoe 
coomeemceue 6f,a '■ Set^(/C(yl, — ), F) ^ -^(^) (Mecncdy ecmecmeeHHUMU 
npeo6pa3oeaHUMMU Awdozo Hom-(fiyHKmopa e npouseoAbHuu (fiyuKmop F 
CO SHaueHUHMU 6 Set u MHOcucecmeoM F{A), Komopoe cfiyuKmop F nasna- 
Haem npedcmaeAnww^eMy o6'5eKmy A). 9mo coomeemcmeue ecmecmeeHHoe 
no o6ouM apsyMenmaM F G (Set'^)o u A G ICq. 

/]|0Ka3aTejibCTB0 . 

Onpe^ejiHM Op, a tcm jkb cnocoSoM, KaKHM onpeflejiajin yHHBepcajibHbiH 3Jie- 
MGHT, TO ecTb 6p^a{c() '.= ayi(lyi), a oSpaxHoe npeoSpaaoBanHe 4)opMyjioH 
OF,A{a-) '■= AoKajKeM, hto Op^A h Op^A ^eiicTBHTejibHO BsaHMHO- 

oSpaTHbie npeo6pa30BaHHa: 

Of,aOpA(^) = = F{lA){a) = lpA{a) = a, 

Op,AOp,Aia) = Op^aAilA)) = F{-){aA{lA)) = a, to ecTb Op^A = {Of,a)~^- 
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^OKajKeM ecTecTBeHHOCTb 6p^A tojibko no apryivieHTy A. PaccMOTpHM fl^ma- 



rpaMMy 



A 



B 



Set'^(/C(A,-),F) 



Set'=(/C(/-),F) 



■F{A) 



Bbi^HCJiaeM 



Set'^(/C(i?,-),F)— 



F.B 



eF,B{Set^{JC{f, -), = o /C(/, -)) = o (/C(/, -))b (1b) = 

/^s((/C(/,-))b(1b)) = M^Bof) = fiBifoU) = /iB(/C(/,-)(U)) = 
/iBo/C(/, — ) (1a) = [/i ecTecTBeHHoe npeoGpaaoBanHe /C(74, —) b F] = F{f)o 
I^a{^a) = F{f){6pA{lj)), TO ecTb flnarpaiviMa KOMMyTaTHBHa, h 9f,a gctg- 
CTBGHHoe npeoSpaaoBaHHe b apryivieHTe A. □ 
JleMMa HoHe;i;bi ;i;aeT xopomee onncaHne MHOJKecTBa Bcex ecTecTBenHbix 
npeo6pa30BaHHH h3 ifom-cJ^ynKTopa b neKOTopbiH OTMenenHbiH (J)yHKTop h 
;],eHCTBHTejibHO nojieana, Kor^a TaKaa 3a;],a^a BOSHHKaeT (nanpHiviep, b to- 
nojiorHH, B TeopHH XapaKTepHCTHHeCKHX KJiaCCOB). 

HpaMbiM npHJioiKGHHeM jieMMbi aBJiaeTca flOKaaaTejibCTBO Toro, hto (|)yHK- 
Topbi X I— s> /C(X, — ) H X I— i> /C(— ,X) aBJiaiOTca SneKTHBHbiMH, to ecTb ocy- 

meCTBJiaiOT BJIOiKGHHe (cOOTBeTCTBGHHO KOHTpaBapHaHTHOG HJIH KOBapHaHT- 

Hoe) KaTeropHH /C KaK no^KaTeropHH KaieropHH 4)yHKTopoB co snaHeHHaMH 
B Set. 



"yTBep:a<;^eHHe 8 (Bjioaceniie Hone^bi). 
Y : ^ ^ Set'^"'' : 



KoeapuanmHuu (pyuKmop 



A^1C{-,A) 

(^f.,A-^B)^ /C(-, /) : /C(-, A) ^ /C(-, B):g^fog 

jieAsiemcsi UHnenmueHUM na o6neKmax u 6ueKmueHUM. 

AnaAozuHHO, KOHmpaeapuaHniHuu (pyuKmop 
Y : /C ^ Set'^ : 

A^1C[A,-) 

^f,A^B)^ JCif, -) : JCiB, -) ^ JCiA, -):g^gof 
HBAHemcn uwdeKmueHUM na o6'deKmax u 6ueKmueHUM. 
^OKaaaTejibCTBO . 

PaccMOTpHM ;i;jia onpe^ejieHHOCTH tojibko KOBapnaHTHbiH cjiynafi. HHT.eK- 
THBHOCTb na oSteKTax cjie^yeT h3 Toro, hto gcjih A ^ B, to fljia jiioSoro 
oSi-eKTa X G /Co MHO>KecTBa IC{X, A) h IC{X, B) paajiH^Hbi, Tax KaK cocto- 

aT H3 CTpejIOK C pa3HbIMH KOHn,aMH (xOTa 3TH MHO>KeCTBa MOryT 6bITb BO 
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B3aHMH0-0flH03HaHH0M COOTBeTCTBHH) . 

HoflCTaEHM B jieMMy HoHe^bi F = IC{—,B), nojiy^HM 

(^ic{-,B),A '■ Set^ ''{)€{—, A), }C{—, B)) ^ IC{A,B), h KaK 6biJio onpe^ejieno 
paHbine 0'j^^_ ^(/) '■= , B)[f). HannmeM 4)opMyjiy fljia X-KOMnoneHTbi 
9Toro ecTecTBeHHoro npeoSpaaoBanHii 

i^l\-,B),AU))x ■■= m-,B)if))x : /C(X,A) ICiX,B) : g ^ fog = 
(Yif))x{g), me f e /C(A5), 9 e /C(X,A), to ecxb {e-l_s^Jf))x = 
{Y{f))x A-^si KajK^ioro X G /Cq. 3to anaMHT, hto 0'^\_^b),aU) = Y(/) 
KajKfloro / G }C{A,B), to gctb OToSpajKenne Honeflbi SneKTHBHO na Hom- 

MHOJKeCTBaX. □ 

ynpa:»<;HeHH5i 9. 1. UoKaaamh, umo napa ({0, 1}, {0, 1}), sde {0,1} G 
^({0,1}) = {0, {0}, {1}, {0, 1}}, He HejinemcH npedcmaejiHtomeil Sah 
(fyuKmopa MHOotcecmea-cmeneHt V . 

2. Hailmu npedcmaeAfiK)iu,uu o6-deKm u ynueepcaAtiHuu aAeMenm 3a6u- 
eammeso (pyuKmopa U : Grp — *■ Set. 

3. /J^OKasamti, nmo (popMyAa F{—){a) deucmeumeAbHO onpedeAsiem ecme- 
cmeeHHoe npeodpaaoeanue /C(y4, — ) — > F, a G F{A) (dAH Koeapuanm- 
H080 ^yHKmopa F) uau /C(— ,^4) — > F, a G F[A) (Bah Konmpaeapu- 
anmHoso (fiyuKmopa F). 



2.2 Ilpe^ejibi 

ITpeflejibi npe;i;cTaBJiaiOT coGoii o6T.eKTbi, yHHBepcajibHO npHCoe;i;HHeHHbie k 
flnarpaMMaM. ^narpaiviMa 3to npocTO Ha6op oGt-cktob h neKOTopbix CTpe- 
jiOK MejK^y HHMH, KOTopbiG Heo6a3aTejibHO cocTaBJiaiOT KaTeropHK). FoBopa 
o npe^ejiax (h Konpe^ejiax) , mbi ne Sy^eivi npe^nojiaraTb, hto ;],HarpaMMbi 
KOMMyTaTHBHbi. YfloSno 3a/i,aBaTb ^HarpaiviMy OToSpajKeHHeM no;],xoflamero 
opHGHTHpoBaHHoro rpacj^a b KaTeropnio.TpeSyeTca tojibko, htoSm Bepmn- 
Hbi nepexoflHJiH b BepniHHbi, peSpa b CTpejiKH, h htoSm na^ajio h kohgii; 
peSpa nepexo^iHJiH b nanajia h kohgii; CTpejiKH-oSpaaa. HanpHMep, rpa- 
(J)a, cocToamero tojibko h3 o^hoh BepniHHbi • , ^HarpaMMa 3to npocTO 
OflHH o6T.eKT, HanpHMep, X. /Jjia rpac^Da, cocToamero h3 flsyx Bepmnn 
• • , ;i;HarpaMMOH 6y;i;eT napa oGt-cktob, nanpniviep, X Y . /Jjia rpa- 

/ 

(|)a • , ^ • flnarpaMMOH 5yfleT, nanpniviep, X ^ Y , n Tax ^ajiee. Ectg- 

a 

CTBennoe npeoSpaaoBanne ;i;HarpaMM onpe;i;ejiaeTca TaKJKe KaK ^Jia cj^ynKTO- 
poB naSopoM CTpejiOK, no o;i;hoh ^Jia KajK;i;oH Bepmnnbi rpa(J)a TaK, hto 3th 
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CTpejiKH KOMMyTHpyiOT CO CTpejiKaMH ^HarpaMMM. HanpHMep, ji^jiii nocjie^i;- 

/ 

Hero cjiynafl ecTecTBeHHoe npeoSpaaoBaHne ^narpaMMbi X ^ Y b ^na- 

9 

rpaMMy X' ^ Y' sa^aeTca napofl CTpejiOK ai : X ^ X' -a a2 '■ Y ^ Y' 

g' 



X^X' X^X' 



TaKHX, HTO KBa^paTbi / 




/' H 9 




g' KOMMyTaTHBHbl. 



yTBep:»<;^eHHe 9. • /I^uazpaMMU us spacfia G e Kamesopum /C cocmae- 
AMtom Kamesoputo, c o6zeKmaMU - duaspaMMaMU u cmpeAKaMU - ecme- 
cmeeHHUMU npeo6pa3oeaHUMMU duazpaMM. 9ma Kamesopusi o6o3HaHa- 
emcM Dgrm^j ^. 

• HMeemcji cfiyHKmop A : /C — Dgrm^j^^;, HaaHauawinuu odseKuiy X G 
/Co nocmoHHHyw duaspaMJViy A(X) (omo6pacHcawmyw ece eepmuHU 
spacfia G e odnenm X u ece cmpeAKU spacf^a G e eduHUHHym cmpeA- 
Ky Ix) u cmpeAKe f : X ^ Y ecmecmeeHHoe npeo6pa3oeaHue A(/) : 
A(X) A(F), conocmaeAHmw^ee Kaofcdou eepmune spacfia G cmpeAKy 
f-X^Y. 

/^OKaaaTejibCTBO npe^ocTaBjiaeTca MHTaTejiio. 

Onpe^ejieHHe 11. /(uaspaMMa D : G ^ K, uMeem npe^eji A G JCq, ecAu 
KOHmpaeapuaHmHuu (fiyuKmop Dgrm^^^(A(— ), D) := Dgrm(^^^(— , D)oA : 
j^op gg^ HGAHemcH npedcmaeuMUM c npedcmaeAHmiu,UM o6zeKmoM A. 

^pyrHMH cjiOBaMH, ^HarpaMMa D : G ^ K, HMeeT npe^eji A G /Co? ec- 
JiH cymecTByeT ecTecTBeHHaa 6HeKLi,Ha p : }C{ — ,A) ^ Dgrm^j ^(A(— ), D). 
yHHBepcajibHbiH BJieMGHT p^(l^) G DgrniQ i^^{A{A) , D) nasbiBaeTca ynn- 
BepcajibHbiM KOHycoM Ha^i; ;i;HarpaMMOH D c BepniHHOH A. 

OHKCHpyeM KaKOH-HnSy^b oStjCkt B E ICq. EcTecTBeHHbie npeoGpaaoBanHH 
B Dgrnig ,^{A{B),D) coctost h3 CTpejiOK c HanajiOM B h kohii;om b no 
oflHoii j^jisi KajKfloro oGi-eKTa b D TaK, hto Bce nojiynaioinHeca TpeyrojibHHKH 
c BepmHHoii B h oflHoii h3 CTopoH, jiejKameH b D, KOMMyTHpyiOT. Ho (J)op- 
Myjie fj, = F(—)(a) nojiynaeivi Bbipa>KeHHe ^Jisi p. SannmeM 5-KOMnoHeHTy 
ecTecTBGHHoro npeoSpaaoBaHHfl p. ps = (DgrmQji^(A(— ), : 
}C{B,A) Dgrmc;_^(A(5),D) : / ^ Pa(U) ° A(/), hto CBO^HTca k npo- 
CTOMy yMHOJKeHHK) cnpaBa na / CTpejiOK yHHBepcajibHoro Konyca TaK, hto 
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nojiynaeTca HOBbiH Konyc c BepniHHOH B. PaccMOTpHM ji^Jisi npniviepa pncy- 

/ 




Y 3flecb KBa^paT XYZW co CTpejiKaMH sto 



HOK 



^HarpaMMa D, {ai}, i = 1,..,4, 3to yHHEepcajibHtm Konyc na^ D, f onpe- 
^,eJlSleT ecTecTBGHHoe npeoSpaaoBanHe Me>K^y nocToanHbiMH ^HarpaMMaMH 
B n A, {ai o /}, i = 1, .., 4 - hobbih Konyc c BepniHHOH B. 

Ho ycjiOBHK) pb aBjiHGTca 6HeKn,HeH. 3to ana^HT, ^to ji^jih JiioSoro Konyca 
/3 na;], ^HarpaMMoii D c BepniHHoii B (hjih, hto to >Ke caMoe, ^jih JiioSoro 
ecTecTBGHHoro npeoSpaaoBaHHa (3 : A(i?) D) cymecTByex e^HHCTBen- 
Haa CTpejiKa f : B ^ A TaKaa, hto (3 = p^(l^) o A(/) (to gctb, roBopaT, 
^To KOHyc f3 e;],HHCTBeHHbiM o5pa30M nponycKaeTca ^epea ynHBepcajibHbiH 
KOHyc a := p^(l^)). JXpyrmMn cjiOBaMH, yHHBepcajibHbiii Konyc sBjiaeTca 
KOHeHHbiM o5T>eKTOM B KaTGropHH KOHycoB Ha^ flHarpaMMoii Z), H no SToii 
npHHHHe onpe;i;ejieH oflHoanaHHO c tohhoctbio ;i;o H30Mop(J)H3Ma. OopiviyjiH- 
poBKa Toro, HTO TaKoe KaTeropna KonycoB na^ ;i;HarpaMMOH, ocTaeTca HHTa- 
TejiK). 

HnoTKy^a ne cjie^yeT, hto npe^eji Toii hjih hhoh ;i;HarpaMMbi cyHi,ecTBy- 
GT. /JeiicTBHTejibHO, He Bce ^narpaMMbi b hpohsbojibhoh KaieropHH hmgiot 
npe^eji. KaTeropna, b KOTopoii Bce ^narpaMMbi hmgiot npe^eji, naabiBaeTca 
nojiHoii (b CMbicjie npe;i;ejiOB) , a 4)yHKTop, coxpaHaiomHH npe;i;ejibi, nenpe- 

ptlBHblM. 

IIpHMepbi. 

1. KoHe^Hbiii oStjGkt 1 KaTeropHH IC paccMaTpHBaiOT KaK ^pe^,eJl ny- 
CTOH ^HarpaMMbi. HycTaa ;],HarpaMMa bto e^HHCTBennbiH oStjGkt Ka- 
TeropHH Dgrm0 j^. B 3tom cjiynae Bce (b tom hhcjig HOCToannbie) 
flHarpaMMbi coBna^aiOT c nycTOH ;i;HarpaMMOH, a Bce ecTecTBennbie 
HpeoSpasoBaHHa MejK^y ^narpaMMaMH coBna^aiOT c TO>KflecTBeHHbiM 
nycTbiM HpeoSpaaoBaHHeM nycToii ^narpaMMbi. HosTOMy, IC{X, 1) ^ 
Y)grm0 j^(A(X), D) (h30mop(J)H3m MejK^y oflHOSJieMeHTHbiMH MHO»ce- 

CTBaMH, eCTeCTBeHHblH B X). 

2. ripe^eji ^HarpaMMbi, cocToanten h3 ^Byx oSt-cktob X Y (^Jia rpacj^a 
G = • •), Ha3biBaeTca npoHSBe^eHHeM (hjih nnor^a npaMbiM hjih 
/leKapTOBbiM npoH3Be;];eHHeM) oSt-grtob X h F , h o5o3HaMaeTca XxY. 
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yHHBepCajIbHblH KOHyC COCTOHT H3 ^Byx CTpejIOK 

X Y 
KOTopbie HasbiBaiOTca nepBofi h BTopofl npoeKij;HaMH. npoH3Be;i;eHHe 
xapaKTepnayeTCfl tgm, ^to ^jih JiioSbix flbyx CTpejiOK (7 : Z — X h 
h : Z ^Y cymecTByeT e^HHCTBeHHaa CTpejiKa j : Z X ^Y Taxafl, 

Z 

HTO ^iHarpaMMa X ^- ■> ' KOMMyTaTHBHa. 



'pri X ^ pr2' ^ 

EcjiH B KaKoii-TO KaxeropHH npoHSBe^eHHe OKa>KeTca nocTpoennbiM 
^ByMa pasjiHHHbiMH cnocoSaMH (hto HHor^a cjiynaeTca), to uex^y 
TaKHMH o6T.eKTaMH cyni;ecTByeT eduHcmeeHHUu H30Mop(J)H3M, nepeno- 
flHHi;HH o;i;hh yHHBepcajibHbiH Konyc b ;i;pyroH. 

B KaTeropHH Set npoH3Be;i;eHHe ;i;Byx MHOJKecTB onpe;i;ejiaeTca CTan- 
flapTHO KaK X X Y := {{x,y)\x ^ X, y E F}, a npoeKii;HH KaK 

pri{x,y) := x, pr2{x,y) := y. 

B KaTeropHH Cat HpoH3Be;i;eHHe ^Byx KaTeropHH ICm C aBJiaeTca KaTe- 
ropneii JCxC c o6T.eKTaMH - napaMH oSteKTOB {K, L), K G ICq, L G Cq 
H CTpejiKaMH - napaMH CTpejiOK {f,g), / G /Ci, g E Ci c noKOMnoneHT- 
HblM yMHOJKeHHeM (/2,5'2) o := (/2 o fi,g2 o gi). ^poeK^HHMH 

sBjiaiOTca (|)yHKTopbi pri : X £ — /C h pr2 : /C x £ — > £, Bbi^ejia- 
iOHi;He cooTBeTCTBeHHO nepByio h BTopyio KOMHoneHTbi oSteKTOB hjih 

CTpejIOK. 

npoHSBe^eHHe Tpex hjih 6ojibmero nncjia o6T.eKTOB OHpe;i;ejiaeTca ana- 
jiorHHHO KaK Hpe;i;eji ;i;HarpaMMbi, cocToani;eH h3 n o5T.eKTOB. MnTaTe- 
jiio peKOMeH;i;yeTca ;i;oKa3aTb, nanpHMep, ji^jisi Tpex o5T.eKTOB, hto 3- 
KpaTHoe npoHSBe^eHHe o6T.eKTOB X x Y x Z n oSi^eKTbi X x [Y x Z) 
HJIH {X X Y) X Z , HOJiyneHHbie HTepan,HeH SnnapHoro npoH3Be;],eHHa, 

H30M0p(J)HbI. 

3. ypaBHHTejib 3T0 npe^eji ^narpaMMbi, cocToameii h3 flbyx napajiJiejib- 

/ ^ 

Hbix CTpejiOK X I Y ■ 3to 3HaHHT, cyni;ecTByeT HpeflejibHbiH o6T.eKT 
9 

Z 

Z H yHHBepcajibHbiH Konyc "^"fN< Taxne, ^to v = f o u 

X—^Y 

9 

gou. 
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HocKOJibKy KOMnoHGHTa V fljia yHHBepcajibHoro Konyca (h ^Jia Bca- 
Koro flpyroro Konyca) nojiHOCTbio onpe;i;ejieHa KOMnoneHTOH u, to ee 
(jiHniHioio KOMnoHGHTy) oSbi^iHO He paccMaTpHBaiOT, H HasbiBaiOT ypaB- 
HHTejieM CTpejiKy u : Z ^ X TaKyio, hto 

• f °u = gou, 

• j^Jisi BcaKOH ;i;pyroH CTpejiKH w : W ^ X, TaKofi, hto f o w = 

gow, cymecTByeT e;],HHCTBeHHaa CTpejiKa k : W ^ Z, ^ejiaiomaa 

/ 

Z^^X^^Y 
;i;HarpaMMy ^i^, / KOMMyTaTHBHOH. 

W 

KaK H Bce npe^ejibi, ypaBHHTejib, ecjin cymecTByeT, onpe^ejieH 

0;i;H03HaHH0 C TOHHOCTbK) flO H30M0p(J)H3Ma. 

B KaTeropHH mhokgctb Set ypaBHHTejieM u 6y^eT BjiojKeHHe no^- 
MHOJKecTBa {x G X I f{x) = g{x)}, na KOTopoM fug coBna;i;aiOT, 
B MHOJKecTBO X. AHajiorHHHO, B KaTeropHH Vect ypaBHHTejieivi 
6yfleT BJiojKeHHe no;i;npocTpaHCTBa {a: G X | f{x) = g{x)}, na ko- 
TopoM jiHHeiiHbie OTo6pa>KeHHfl fug coBna/i,aiOT, b BeKTopnoe 
npocTpancTBO X. 

4. PaccjioeHHbiM npoHSBefleHHeM X Xz Y oSteKTOB X n Y na^ Z 

Y 

HaabiBaeTca npe^eji ^narpaMMbi BH^a 

X 



f 

KaK H B npe^bi^ymeM npHMepe, CTpejiKa Konyca b oG^beKT Z bbi^hc- 
jiaexca ^epea ocxajibKbie cxpejiKH Konyca na^ yKaaannoH ^narpaM- 
MOH H He yHHTbiBaeTca. TaKHM oSpaaoM, paccjioennbiM npoH3Be;i;eHH- 
eM HasbiBaeTca oSteKT X x z Y n napa CTpejiOK a : X Xz Y ^ X, 
P : X XzY Y TaKHX, hto 

• f °a = go/3, 

• j^Jisi JiK)6bix CTpejiOK 'y:W^X,5:W^Yc ycjiOBHeM / o 7 = 
god cyni;ecTByeT eflHHCTBeHHaa CTpejiKa k : W ^ X XzY, ^e- 
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jiaioinaa ^narpaMMy 




KOMMyTaTHBHOH . 



KBa;i,paT CO CToponaMH a, /, /5, g nasbiBaeTCH yHHBepcajibHbiM 
KBa^paTOM. 



B KaTeropHH MHOJKecTB Set paccjioenHbiM npoH3Be;i;eHHeM X y 
Gy^GT noflMHO>KecTBO ^exapTOBa npoHaBe^enHfl X x y, na KOTopoM 
(J)yHKn,HH / o pn ago pr2 coBna;i,aiOT, to gctb X XzY = {{x,y) G 
X X y I f{x) = g{y)}- OyHKLi,HH a m /3 HBjiHiOTca cooTBeTCTBenHO orpa- 
HHHeHHaMH npoeKii;HH pvi : X xY ^ X ti pr2 : X xY ^ Y na. ^aHHoe 

nOflMHOJKeCTBO. 

npHBe;i;eHHbie npHMepbi npe;i;cTaBJiaiOT co5oh b hgkotopom CMbicjie 3Jie- 

MGHTapHbie KHpnH^HKH, H3 KOTOpblX CTpOHTCa SojIGG CJIO>KHbie npeflGJIbl. 

HMeeTca TeopeMa, ^to KaieropHH nBjineTCn KoneHHO-nojiHOH (to gctb npe- 
flejibi Bcex flnarpaMM, cocToainHx h3 KoneHHoro nncjia oGt-cktob h CTpejiOK, 
cymecTByiOT) , ecjiH cymecTByiOT KonenHbiH oSt-ckt, SnnapHbie npoH3Be;i;e- 
HHH H ypaBHHTejiH (hjih ecjiH cymecTByiOT KonenHbiH oSt^grt h paccjioenHbie 
npoH3BefleHHfl) . 

ynpa^cHeHHH 10. 1. /^OKasamh ymeepofcdeHue 9. 

2. Hapucoeanib KOMMymamueHue duaspaMMU, Komopue Boamchu eunoA- 
HHrnhCH, dAH cmpeAOK Konyca Had duaspaMMOU. 

3. J1,AH Kamezopuu K, u o6^eKma K G ICq cocmaeuM Hoeyw nameso- 
puw, Komopasi o6o3HaHaemcn K,/K u nasueaemcsi Kamezopueu cmpe- 
AOK Had o6'5eKmoM K. Ee o6-5eKmaMU sieAsnomcM ece cmpeAKU c koh- 

X Y 



v^oM K , a Mopcf)U3MaMU U3 o6seKma f 



6 odseKm 9 



cmpeAKU Ka- 



K K 

mezopuu /C c HanaAOM X u kohii,om Y , Bah Komopux mpeysoAbHUK 
X ^Y 

KOMMymamueeH. /I^OKaaamh, nmo ama KOHcmpyK- 




HUH deucmeumeAhHO onpedeAnem Kameeopuw. /^OKasamb, nmo name- 
zopuH KOHycoe Had duaspaMMOu D npedcmaeAMem co6ou noAHyw nod- 
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Kamezopwo Kamesopuu cmpeAOK T)grmQ j(^/ D . y6edumbCH, umo ymi- 
eepcaAbHuu Konyc Had D nejiHemcH KoneuHUM o6seKmoM e amou nod- 
Kamezopuu. 

4. Pa3o6pamb c/iynau npedeAa nycmou duazpaMMU (npuMep 1). 

5. Upoeepumb, umo npouseedemisi e KamesopuHX MHOCHcecme Set u kg- 
mesopuu Cat onpedeAenu KoppenmHO (npuMep 2). 

6. Haumu npouaeedenue e Kamezopuu eenmopHMX npocmpaHcme Vect u 
npedynopHdoHeuHOM MHOofcecmee {L,<). 

7. /(oKaaamb, umo X x F x Z ~ X x (F x Z) ~ (X x F) x Z. 

8. /(oKaaamb, umo ypaenumeAb neAHemcH MOHOcmpeAKOu. 

9. OnpedeAunib cmuca ymieepcaAbHoso Keadpama e Kamesopuu Set, Jam 
Komopozo f - npouseoAbuasi (fiyuKHUH, a g - eAOCHcemie nodMHOCHce- 
cmea Y e MHOcncecmeo Z (npuMep 4)- 

10. B Kamesopuu JC c dunapnuMU npouaeedenuHMU onpedeAumb ^yuKmop 
yMHOMcenuH X x (— ) : IC ^ IC na fJiuKcupoeaHHUu o6neKm namesopuu 
X e /Co. 

2.3 Konpe^ejibi 

KonpeflejiOM flnarpaMMbi aBJiaeTca npe^eji ^BOHCTBeHHOH ;i;HarpaMMbi b ;i;boh- 
CTBeHHOH KaTeropHH. /^BOHCTBeHHaa ^HarpaMMa, KaK h ^BoiiCTBeHHaa Kaie- 
ropHa, nojiy^aeTca aaMenoii Bcex CTpejiOK na npoTHBonojioJKHbie. HivieeTca 
cjie;],yioiii;afl nocjie;],OBaTejibHOCTb h30mop4)H3mob }C{A,—) ~ /C°p(— ,^4) ~ 
DgrmG,;c-(A(-),Z}'^P) ^ BgvuiaA^, A{-)). 

Onpe^ejieHHe 12. 06'deKm A G /Co nasueaemcM Konpe^ejiOM duazpaMMU 
D : G K, ecAU cym,ecmeyem ecmecmeeHHUu usoMopcfiusM p : }C{A, — ) ^ 
Dgririf; ^(Z), A(— )). ynueepcaAbHuu aAeMenm p{1a) nasueaemcH ynuBep- 
cajibHbiM KOKOHycoM Had duaspaMMOu D. 

rpa4)HMecKH KOKOHyc nafl ;i;HarpaMMofi Bbirjia^HT KaK ceMencTBO CTpe- 
jiOK, HaHHHaioinHxca b BepniHHax ^narpaMMbi D h aaKaHHHBaioinHxca b o;i;- 
HOM oS^beKTe - BepniHHe KOKonyca. ynueepcaAbHuu KOKonyc asjiaeTca 
Ha^ajibHbiM oG^beKTOM b KaTeropHH kokohjcob na^ flHarpaMMoii, to ecTb 
J11060H KOKonyc nponycKaeTca ^epea nero e;i;HHCTBeHHbiM oSpaaoM. 

IIpHMepbl. 
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1. HaMajibHMH oSijeKT sBJiaeTca KonpeflejiOM nycTofi ^HarpaMMbi D : 

2. KonpoHSBe^eHHeM nasbiBaeTca Konpe;i;eji ^narpaMMbi, co- 
CToameii h3 flbyx oGteKTOB X -rY . yHHBepcajibHbifl KOKonyc coctoht 
H3 flByx CTpejiOK X — X ]J y — Y ■> nasbiBaeMbix Bjio:»ceHHa- 
MH. JlioSoH KOKOHyc Ha^i; ^iHarpaMMOH X Y e;i;HHCTBeHHbiM o5pa- 

Z 

30M nponycKaeTca nepea yHHBepcajibHbiH KOKonyc 

X 

B KaTeropHH MHO>KecTB Set KonpoH3Be;],eHHeM asjiaeTca flHSTjiOHKTHoe 
o6T5e;i;HHeHHe MHOJKecTB X Y[Y := {X x {0}) |J(^ ^ {!}) (sJieivieHTbi 
MHOJKecTBa X 6epyTca c MeTKoii 0, a MHOJKecTBa Y c MeTKofl 1, hto- 
6bi 6biTb yBepeHHbiM, hto MHOJKecTBa iie nepeceKaiOTca. ^HSijiOHKTHoe 
oSTje^HHeHHe sto oS^be^HHeHHe nenepeceKaiomHxcfl MHOJKecTB). 

3. KoypaBHHTejieM nasbiBaeTca Konpefleji flnarpaMMbi, cocTOHinefi h3 

/ . 

flByx napajiJiejiBHbix CTpejiOK X > Y ■ KaK h b cjiynae npe^ejiOB, 

g 

KOKOHyc onpe^iejiaeTca o^hoh CTpejiKofi, Bbixo;i;aiii;eH h3 oGi-eKTa Y . 
TaKHM o6pa30M, KoypaBHHTejib 3to oGi-eKT Z BMecTe co CTpejiKofi u : 

Y ^ Z TaXHMH, ^TO 

• uo f = uog, 

• j^jisi jiioSoH CTpejiKH w : Y W CO cbohctbom w o f = wo 
g cymecTByeT e;i;HHCTBeHHaa CTpejiKa k : Z ^ W , ^ejiaioinaa 

W 

^HarpaMMy ^ j^ '^' KOMMyTaraBHoii. 

g ^ 

B KaTeropHH mhojkgctb Set KoypaBHHTejin OHpe;i;ejiaiOTCH HOCJiojKnee, 
HeM ypaBHHTejiH. Hmghho, Z onpe;],ejiaeTCfl KaK MHOJKecTBO KjiaccoB 

SKBHBajieHTHOCTH HO OTHOHieHHIO BKBHBajieHTHOCTH, nOpOMcdcHHOMy 

ycjiOBHaMH yi ~ 1/27 r;i;e ?/i,?/2 ^ ecjiH cyHi;ecTByeT 3JieMeHT x ^ X 
TaKOH, HTO f{x) = yi, g{x) = ?/2- ^pyrHMH cjiOBaMH, 3HaHeHHa ^jhk- 

n;HH f{x) H g{x) CHHTaiOTCa 3KBHBajieHTHbIMH B KajKflOH TOHKe X G X, H 
CTpOHTCa (MHHHMajIBHOe) OTHOmeHHe 3KBHBajieHTH0CTH no 3THM ycjio- 

BHaM TaK, ^To6bi, HanpHMep, Bbinojinajiocb y ~ f{x) ~ f{x), g{x) ~ 
fix), (fix) ~ g{x)Mfix') ~ gix')Mf{x) = fix')) {g{x) ~ gix')), 
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H TaK ;i;ajiee. Ecjih hg ctpohtb OTHomeHne SKBHBajieHTHOCTH, to nejib- 
3a nojiyHHTb MHOxcecTBO Z. yHHBepcajibHofi CTpejiKofi u \ Y ^ Z 
B 3T0M cjiynae 6y;],eT KaHOHHHecKaa npoeKn,HH, conocTaBjiHiomaH 3Jie- 

MGHTy y ^Y erO KJiaCC 3KBHBajieHTH0CTH. 

4. IlpHKjieHBaHHeM oSteKTa Y k oSteKTy X no oSteKTy Z nasbiBaeTca 
Konpe;i;eji ^narpaMMbi, cocToaineft h3 flbyx CTpejiOK c o6iii;hm nanajiOM 



X 



3tot Konpe^eji nacTO oSosHanaeTCH X JJ^ y h mo^kbt na- 



Y 

3biBaTbca flHSTiiOHKTHbiM oSijeflHHeHHeM oGtsCktob X hY naji oGTsGK- 

TOM Z. KoKOHycbi nafl ;i;aHHOH ;i;HarpaMMOH onpe^ejienbi ;i;ByMa CTpeji- 

KaMH Bbixo^amHMH H3 BepiuHH X u Y . TaKHM oSpaaoM, dus'SWHKmHoe 

o6-deduHeHue o6zeKmoe X u Y Had odneKmoM Z coctoht h3 oSi-eKTa 

X 



X Yiz Y BMecTe c flByMa CTpejiKaMH 



TaKHMH, HTO 



aof = f3og, 

j^jisi JiioSbix flByx CTpejiOK ^ : X ^ W , 6 : Y ^ W co cbohctbom 
'J o f = 6 o g cymecTByeT e;i;HHCTBeHHaa CTpejiKa k : X Y[z Y 

f 

Z — ^X 



W, flejiaiomaa ^narpaMMy y 




KOMMyTa- 



THBHOH. 



Ksa^paT /, a, g, (3 Ha3biBaeTca KoyHHBepcajibHbiM KBa^paxoM. 

B KaTeropHH MHOJKecTB Set pe3yjibTaT npHKjienBaHHa mojkho onHcaTb 

KaK MHO>KeCTBO KJiaCCOB SKBHBajieHTHOCTH /I,H3'bIOHKTHOrO oS^bG^^HHe- 

HHa MHOJKecTB := X x {0}|JF x {1} no OTHomenHio SKBHBa- 

jieHTHOCTH ~, nopoiK;i;eHHOMy napaivra iiof{z) ~ i2og{z), z G Z, r^e ii 
H ^2 BJiojKenna MHOJKecTB X mY b ;i;H3T5iOHKTHoe o5T.e;i;HHeHHe X ]J y . 

KaTeropna, b KOTopon Bce Konpe;i;ejibi cyni;ecTByiOT, Ha3biBaeTca Konoji- 
HOH, a ecjiH cyn],ecTByiOT tojibko Konpe;],ejibi KoneHHbix ^narpaMM (flna- 
rpaMM c Kone^HbiM mhcjiom oGi-eKTOB h CTpejiox), to KoneHHO kohojihoh. 
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OyHKTop, coxpanaioinHH Konpeflejibi, HasbiBaeTca KOHenpepbiBHbiM. KaK 

H B cjiynae npe;i;ejiOB, ^Jia Toro htoGm KaTeropna 6biJia kohghho kohoji- 
HOH Heo6xoflHMO H /i,ocTaTO^HO, ^To5bi cymecTBOBajiH Ha^ajTbHbiii 061.6x1, 
SnnapHbie KonpoHSBeflenHH h KoypaBHHTejiH (hjih me Ha^ajibHbiii oS^beKT h 
KoyHHBepcajibHbie KBa;],paTbi). 

ynpa:»<;HeHHH 11. 1. Bunucarrih nodpodno, umo osHauaem onpedeACHue 
KonpedeAa duazpaMMU, nan amo 6u.ao cde./iaHO e napazpa^e 2.2 Sasi 
npedeAQ. 

2. /foKasamti, nmo duaTiwuKmnoe o6zeduHeHue MHOotcecme sieAHemcH ko- 
npouseedenueM e namesopuu MHOotcecme Set. 

3. y6edumbcji e moM, umo Aw6oe 6uHapHoe omHouienue p na mhomce- 
cmee A nopootcdaem ueKomopoe omnomeHue 9KeueaAeHmHocmu ~ na 
A, codepofcainee p (EunapHoe omnomeHue p amo, no onpedeAeHuto, 
A'K)6oe nodMHOotcecmeo A? := A x A. Bcezda cyvu^ecmeywm omHoiue- 
HUH 3K6ueaAeHmHocmu (mo ecmt pe^AeKcuenue, cuMMempuHHue u 
mpaH3umueHue omHomenusi) , codepotcainue omnomeHue p, nanpuMep, 
~:= A^. UepeceHeHue ak)6ozo hucag omHomeHuu 3K6ueaAeHmHocmu 
HeAmmcn cnoea omHomemieM 9KeueaAeHmHocmu) . 

4. /(oKaaamb, umo KoypaeHumeAt e namezopuu Set KoppeKmno onpede- 
AEH (npuMep 3). 

5. ydedumhCH, umo ecAU ZcXuZcYe Kameeopuu MHOotcecme Set, 
mo XU^Y deucmeumeAbHO UMeem cmuca 'npuKAeueawiM' MHOotce- 
cmea Y k MHOCHcecmey X no mounaM nodjuHOCHcecmea Z. PeKOMen- 
dyemcsi manotce npoeepumb amo e Kamesopuu monoAozuuecKux npo- 
cmpancme Top. 

2.4 Conpa:aceHHbie (J)yHKTopbi 

ConpajKeHHbie (|)yHKTopbi BCTpe^aiOTca b pasHbix o6jiacTax MaTeMaTHKH h 
HMeiOT BajKHoe snaMeHHe. MacTO KaK0H-HH6y;i;b TpHBHajibHbifl (|)yHKTop (na- 
npHMep, saSbiBaiomHH hjih BKjiiOHeHHH HO^KaTeropHn) hmcgt neTpHBHajib- 
Hbiii conpH>KeHHbiH. Ha 3tom nyTH ycTanaBjiHBaiOTCfl HHTepecHbie BsanMOOT- 
HomeHHa meyKjiy KaTeropnaMH, neKOTopbie nonaTHa (nanpHMep, ceo6odHou 
ajireSpaHHecKOH cncTeMbi) Haxo;i;aT CBoe oSocHOBaHne, BBO^aTca ;i;onojiHH- 
TejibHbie CTpyKTypbi b KaTeropHH, h TaK flajiee. C neKOTopoH tohkh apenna 
annapaT conpajKennbix (|)yHKTopoB aBjiaeTca ocnoBHbiM b TeopHH KaTero- 
pHH. 
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Onpe^ejieHHe 13. IJycmb (pyuKmopu F: C^fCuH: fC^C deucmey- 
wm e npomueonoAOCHCHUx HanpaeAenuHX. Tozda F HaaueaemcM jieBbiM co- 
npai«;eHHbiM (^yuKmopy H), a H npaBbiM conpa»ceHHi>iM ((^yuKmo- 
py F), ecAU cymecmeyem ecmecmeeHHasi 6ueKi^uH 9xy ■ IC{F(X),Y) ^ 
H{Y)), sde X eCo,Y elCo. 

CHTyaii;Ha conpajKeHHa oSosHanaeTca F -\ H [F conpajKen cjieBa H). 

B onpe^ejieHHH roBopHTca, hto cymecTByeT B3aHMHO-o;i;H03HaHHoe cooTBeT- 
CTBHe Mempj cmpeAKaMU, npHHa;i;jie>Kaiii;HMH i/om-MHOJKecTBaM flByx paa- 
Hbix KaTeropHH }C m C. EcTecTBeHHOCTb b apryMeHTax X nY osHanaeT, hto 
fljia J11060H £-CTpejiKH f : X' ^ X m ji^jin jiioSoh /C-CTpejiKH g : Y Y' jiaa.- 



X' Y' 1C{F{X'),Y')^C{X',H{Y')) 



rpaMMa / 



C{f,H(g)) KOMMyTaTHBHa, 



X Y IC{F{X),Y)^^C{X,H{Y)) 

TO ecTb fljia jiioSbix oGiseKTOB X G Cq n Y G ICq, ti fljia jnoSoii CTpejiKH x : 
F{X) — ^ Y BbinojinaeTca TOJK;i;ecTBO Ox' x'{g°xo F{f)) = H{g)o6xx{x)o f . 

CipejiKH X : F{X) ^ Y n Ox,y{x) : X H{Y) naabiBaiOTca conpa^cen- 

HbiMH flpyr flpyry, h nepexo^i; ot o;i;hoh k ;i;pyroH nacTO oSosHanaeTca nepToii 

CBepxy {x := 6'x,y(x), x := 6'x,y(x), TaK hto x = x). rpa(J)HHecKH conpa- 

' F{X) A Y 
jKeHHbie CTpejiKH HsoopajKaiOT TaK>Ke = . ior^a ecTecTBenHOCTb 

X A H{Y) 

onepaii;HH (■) (hjih, hto to jkg caMoe, ecxecTBeHHOCTb 6) Sy^ex Bbirjia^exb 
F(X') F{X) ^Y ^Y' 

KaK 



X' i> X A H{Y) HiY') 



H3 4)opMyjibi 6x.Y '■ K^{F{X), Y) ^ jC{X, H{Y)) cjie^tyex, hto Bce 4)yHKTopbi 
/C(F(— : Set (saBHcamne ot napaMexpa Y G /Co) npe;i,CTaBHMbi 

c npeflCTaBjiaioiu,HM oStjGktom HiY) G £0 h ynHBepcajibHbiM BJieivieHTOM 
^liYY^^Hv)- ToHHO TaKJKe BCG (JiyHKTopbi C{X,H[—)) : /C — > Set (napaMGT- 
pH30BaHHbie o6T.eKTaMH X G £0) npe^CTaBHMbi c npe;i;cTaBJiaioiii;HM oStsGk- 
TOM F{X) G /Co H yHHBepcajibHbiM sjieivieHTOM 9x,fx{^fx)- 

yHHBepcajibHbiH sjieMGHT 6J^y{^hy) '■ FHY Y naabiBaeTca Koe^HHH- 
ij;eH (cHTyaitHH) conpa>KeHHa (na o6T>eKTe Y) h o5o3HaHaeTca Ey '■ FHY 
Y, a yHHBepcajibHbiii 3jieMeHT 9x,fx{^fx) '■ X — » HFX cooTBeTCTBenHO 
HasbiBaeTca e^nHHi^eft (cHTyan,HH) conpa>KeHHa (na o6T>eKTe X) h oSoana- 



^aeTca rjx '■ X HFX . TaKHM oSpaaoM, 



FHY %Y FX^^ FX 



HY HY X ^ HFX 
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"VTBepiK^eHHe 10. • CmpeAKU By : FHY Y He.nsimmcH KOMnonen- 
maMU ecmecmeeHHOso npeodpasoeauuH e : FH ^ l^c- 

• CmpeAKU rjx '■ X HFX sieAsiwmcsi KOMnoHenmaMU ecmecmeeHHoeo 
npeo6pa3oeaHUH r] : Ic ^ HF. 



/l^OKasaTejibCTBO. /JoKajKeivi tojibko nepBoe yTBepjK^eHHe. 

/ KOTopaa npe^nojiaraeTca Sbitb 



FHY^^Y 



PaccMOTpHM flHarpaMMy PHf 

FHY' Y' 

KOMMyTaTHBHOH. Bo3bMeM conpfljKeHHbie CTpejiKH 060HX npoHSBe^eHHii 
FHY' FHY % Y FHY' % Y' ^ Y 

-. Ohh coBnaflaiOT. 



HY' ^ HY HY HY' HY' ^ HY 
Cjie^OBaTejibHO, ncxo^Hbie CTpejiKH TOJKe coBna^aiOT. □ 

yTBep:a<;^eHHe 11. CAedyioinue ymeepMcdenuH aKeueaAeumHU 

• F ^H, 

• dAJi KacHcdoso F G /Cq (ftyuKmop /C(F(— ), Y) : Set npedcmaeuM, 

• Sam nacHcdoso X G Co (pyHKmop C{X,H{—)) : K, Set npedcmaeuM. 

/l^OKasaTejibCTBO. To, ^to h3 nepBoro yTBep>K^eHHH cjie^yiOT ocTajibHbie, 
6bijio paccMOTpeno b nanajie naparpa4)a. /IoKa>KeM, ^to h3 BToporo nynK- 
Ta cjie^iyeT nepsbifl. npe;i;cTaBHMOCTb 4)yHKTopa 1C{F{—),Y) : — > Set 
oaHanaeT, hto fljia BcaKoro o6T5eKTa y G /Co cymecTByeT oSteKT HY G Cq 
TaKOH, HTO /C(F(— ~ C{—,HY). Tpe6yeTca ;],0Ka3aTb: mto OTo6pa>Ke- 
HHe H MO>KeT 6biTb pacnpocTpaneHO (J)yHKTopHajibHO na^ CTpejiKaMH b /C, 
onpe^ejiHTb 5HeKLi,Hio 9x,y h ^OKaaaTb ee ecTecTBenHOCTb. 
npejK;i;e Bcero, h3 npe;i;cTaBHMOCTH (|)yHKTopa IC{F{—),Y) : Set c 

npe;i;cTaBJiaioiii;HM oSijeKTOM HY h yHHBepcajibHbiM ajieivieHTOM ey '■ FHY 
Y cjieflyeT, hto 'KaTeropna ajieivieHTOB' (cmotphtg naparpa(J) 2.1), nocTpo- 
ennaa no (jDynKTopy }C{F{—),Y), HMeeT napy {HY, FHY Y) CBOHM KO- 
HeHHbiM oStjCktom, to ecTb fljia KajK^oii ^pyroii napbi (X, FX Y) cy- 
mecTByeT e^HHCTBeHnaa CTpejiKa x : X HY TaKaa, hto ^narpaMMa 



KOMMyiaTHBHa. Oiciofla cjie^yiOT Bce TpeSyeMbie 
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Onpe;i;ejiHM (|)yHKTop H iia CTpejiKax cjie^yioinHM oSpaaoM Hf := / o ey', to 

/ (to, hto H 4)yHKTop, TO ecTb coxpanaeT 



HY FHY Y 



A 

eCTb 3! ///I FHf 
I 

HY' FHY' Y' 
ejXRYimxbi H npoH3BefleHHfl, ocTaeTca ^OKaaaTb ^HTaTejiio) 

Ha nocjie^Heii ^narpaMMbi cjie^yeT TaioKe, mto e : FH =^ l/c ecTb ecTe- 
CTBGHHoe npeoSpasoBaHHe. 

Onpe/i,ejiHM 9x,y ■ }C{FX, Y) — > C{X, HY) : x ^x. OneBH^HO, sto 6HeKn,Hfl 
c oSpaTHbiM OToSpajKGHHeM '■ ^{^1 HY) — > IC{FX, Y) : y t-^ ey ° F{y). 



X' Y' }CiFX',Y')^^C{X',HY') 



PaccMOTpHM ^HarpaMMy / 



g 



C(f,Hg) 



X Y }C{FX,Y)^^C{X,HY) 

Ona KOMMyTaTHBHa, noTOMy ^to conpajKennbie flbyx bosmo^khbix npoH3- 
Be^eHHH coBna^aiOT. ^eficTBHTejibHO, ji^jisi bcjikoh CTpejiKH x : FX — > Y 
mAeem 6^ Y'i.^x' ,Y'{.g ° X o F f)) = g o X o F f h 9^} y'iHg o 9x,y{x) o f) = 
Ey o F{Hg ox o f) = Eyi o FHg o Fxo Ff = gosy o Fxo F f = goxo Ff. □ 

IIpHMepbi. 

1. BcnoMHHM onpe;i;ejieHHa npe;i,ejia h Konpeflejia: 
/C(-,A)^DgrmG,^(A(-),D) h 

/C(A',-)^Dgrm^.^(AA(-)). 

06o3HaHHM onepaii;HH, HaaHanaioiuHe flnarpaiviMe D : G ^ JC npe;i;ejib- 
HbiH H KonpeflejieHbiH o6T.eKTbi, nepea lim h colim. To ecTb A = limD, 
A' = colim D (npe^nojiaraeTCfl, ^to npe^fijibi h Konpe^ejibi cymecTBy- 
lOT B /C). OyHKitHH lim H colim o^Hoana^HO npoflOJi>KaiOTC}i ^o 4)yHK- 
TopoB lim, colim : Dgrm^-y^ K, (flOKasaTejibCTBO SToro (J)aKTa bm- 
HOCHTca B ynpajKHeHHa). Cjie^OBaTejibHO, HMeeM 

/C(-,limD)^DgrmG;c(A(-),/^) h 
/C(colim-D, — ) ^ Dgrmg^^(Z}, A(— )), to ecTb 

colimHAHlim (Konpe^eji abJiaeTca jigbbim conpajKeHHbiM, a npe^eji 
npaBbiM conpajKeHHbiM nocToaHHOMy 4)yHKTopy). 

2. SaSbiBaiomHH (|)yHKTop U : Mon Set aBJiaeTca npaBbiM conpa- 
jKeHHbiM K (J)yHKTopy BsaTHa CBo6o^Horo MOHOH^a F : Set — > 
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Mon, KOTopbiH conocTaBJiaeT MHOJKecTBy A mohoh^ 'cjiob', fljia ko- 
Topbix A jiBJiaeTca 'aji4)aBHT0M'. CjiOBaiviH CHHTaiOTca jiio6bie kohgh- 
Hbie nocjie;],OBaTejibHOCTH BjieivieHTOB A, HanpHMep 010203 hjih abed 
(ecjiH Bce SyKBbi npHna^JiejKaT MHOKecTsy A). EflHHHn,eH CHHTaeTca 
nycToe cjiobo, a yMHO>KeHHeM onepan,Hfl npHnHCbiBanHH o/i,Horo cjio- 
Ba K flpyroMy, nanpHiviep, (010203) ■ (abed) = aia2a^abcd. OTo6pa>Ke- 
HHK) f : A ^ B 4)yHKTop F conocTaBJiaeT roMOMop4)H3M mohoh- 
flOB Ff : FA FB : Oi . . . o„ t-^ /(oi) . . . /(o„). CHTyaii,Ha co- 
npfljKeHHa Mon(Fyl, M) ~ Set[A,UM) : / i— > /|^ roBopHT o tom, 

^TO rOMOMOp(J)H3MbI U3 CBo6oflHOrO MOHOH^a FA B flpyroil MOHOHfl 

M Haxo^aTca bo B3aHMHOo;i;H03HaHHOM cootbgtctbhh c OTo6pajKeHH- 
HMH MHOCHcecmea A, nopocHcdawmeso ceododuMU MOHOud b mohoh^ 
M . Bojiee tohho CHTyaiiHa BbipajKaeTca c Hcnojib30BaHHeM e;i;HHHii;bi 
rjA '■ A UFA : a a (Ka>K/i,biH 3jieMeHT o BKjia;],biBaeTCfl KaK cjiobo, 
cocTOiimee h3 o;],hoh 6yKBbi). liivieHHO, ynHBepcajiBHoe cbohctbo e^H- 

FA 

HHn,bi ;],aeT cjie^yiomyio ^HarpaMMy \ jjj 13!/ 

V 

UM M 

KOTopaa HasbiBaeTCfl oSbi^ho yHHBepcajibHbiM cbohctbom CBo6ofl- 
Horo MOHOH^a. roMOMop(|)H3M / : FA — ^ M onpe^ejiaeTca Kax 
/(oi...o„) := /(oi) . . . /(o„). JlerKO BH^eTb, hto / ;i;eHCTBHTejibHO 
roMOMop(J)H3M H HGT flpyroro nyTH ero onpeflejieHHa. 

AnajiorHHEO, 3a6biBaioiii;He (jDynKTopbi Grp — *• Set, Ab Set, Vect — 
Set H ;i;pyrHe hmgiot JieBbie conpajKennbie ((|)yHKTopbi B3aTHa CBoSofl- 
Horo oSi^eKTa). 

3. 3a6biBaioiii;HH (J)yHKTop U : Top Set aBJiaeTca o;i;HOBpeMeHHO npa- 
BbiM H JieBbiM conpajKeHHbiM. JleBbiH conpajKeHHbiH k neiviy F : Set 
Top conocTaBjiaeT MHO>KecTBy A TonojiorH^ecKoe npocTpancTBO, co- 
CToamee h3 MHO>KecTBa A, b kotopom Bce no^MHOJKecTBa CHHTaiOTca 
OTKpbiTbiMH (laK Ha3biBaeMaa ducKpeniHan monoAozud). HMeeT Me- 
CTO ecTecTBGHHaa 5HeKn,Ha Top(F/l, X) Set{A,UX) : f ^ U f , 
KOTopaa BbipajKaeT 4)aKT, hto KajK;i;oe OToSpajKenne MHOJKecTBa A b 
TonojiorHHecKoe npocTpancTBO X nenpepbiBHO b ;i;HCKpeTHOH Tonojio- 

THH Ha A (flGHCTBHTejIbHO, np006pa3 OTKpblTOrO MHOJKeCTBa B X 5y- 

flGT HeKOTopbiM no^MHOJKecTBOM B A, KOTopoG OTKpbiTO no onpe;],ejie- 
HHK)). HpaBbiH conpajKeHHbiH K U (o6o3HaHHM ero W : Set — > Top) 
conocTaBJiaeT MHoacecTBy A TonojiornnecKoe npocTpancTBO, cocToa- 

H3 MHOJKeCTBa A, B KOTOpOM OTKpblTblMH MHOJKeCTBaMH CHHTa- 
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lOTca TOJibKO noflMHOJKecTBa A Ti (TaK HasbiBaeiviaa aHmuducKpem- 
nan monoAosuH). HivieeT mgcto ecTecTBeHHaa SneKitna Top(X, WA) ^ 
Set{UX, A) : f ^ U f\ Bbipa>Kaioiii;aa (|)aKT, hto jiio6aa 4)yHKii;Ha h3 
TonojiorHHecKoro npocTpancTBa X b aHTHflHCKpeTHoe npocTpancTBO 
WA nenpepbiBHa (noTOMy ^to npooSpas A ecTb X, npooSpaa ecTb 

0, H BCe MHOJKeCTBO H nyCTOG MHOKeCTBO OTKpblTbl B J11060H TOnOJIOrHH 

no onpeflejieHHK)). 

4. CHTyan,HeH conpajKeHHa Me^K^y ^ByMJi npe;],ynop5i;],OHeHHbiMH MHOJKe- 

CTBaMH Sy^eT (L, <) t (L', <) , r^e /, - MOHOTOHHbie (|)yHKii;HH, 

9 

H g{x) < y B L, ecjiH h TOJibKO ecjiH x < f{y) b L'. EflHHHi],eH conpa- 
jKCHHa 6y;i;eT x < fg{x), a. Koe;i;HHHii;eH gf{y) < y. ConpajKeHne mgjk- 
fly npeflynopa^OHeHHbiMH MHOJKecTBaMH naabiBaeTca cooTBeTCTBHeM 
Fajiya. 06pamHUM coomeemcmeueM FaAya naabiBaeTca conpajKenHe 

(L, <)°P T (L', <) . B 3T0M cjiynae (i)yHKii;HH fug MenaiOT nopa- 

flOK Ha npoTHBonojTO>KHbm (aHTHTOHHbie 4)yHKn,HH), H y < /(x), ecjiH 
H TOJibKO ecjiH X < g{y)- 

5. CHTyaii,Ha conpa»ceHHa ne oGaaana 6biTb Me^K^y pasHbiMH KaTeropna- 
MH. HanpHMep, b KaTeropHH MHOxcecTB Set HMeeTca BajKHoe conpa>Ke- 
HHe MejK^y (J)yHKTopoM X x (—) yMHOJKenHa na neKOTopoe MHOxcecTBO 
X H 4)yHKTopoM {—)^ '■= Set(X, — ) Bsaraa MHOJKecTBa (J)yHKii;HH c 
oSjiacTbK) onpeflejieHHa X. /^encTBHTejibHO, HivieeT mgcto ecTecTBen- 
HbiH H30Mop(|)H3M 9x,Y '■ Set(X X Y, Z) ^ Set(F, Z^), r;i;e Ox^vif '■ 
XxY ^ Z : {x,y) f{x,y)) -.= J Y ^ Z^ : y y f\-,y). 06- 
paTHoe OTo5pa>KeHHe 3a;],aeTca 9x\i9 '■ Y — > Z^) := g : X xY Z : 
(x, y) (— > g{y){x). HpoBepKa ecTecTBenHOCTH 6x,y ocTaeTca HHTaTejiio. 
KaTeropHH c SnnapHbiM HponaBe^eHHeM, b KOTopbix 4)yHKTop yivino- 
jKCHHa X X (—) HMeeT npaBbin conpajKenHbiH ji^Jisi KajKfloro oSt-gk- 
Ta X, HasbiBaiOTca ^eKapTOBO-saMKHyTBiMH. TaKHM o6pa30M, Set 
- ^eKapTOBO-aaMKHyTaa KaTeropna. Cat TaK>Ke aBjiaeTca ^eKapTOBO- 
saMKHyTOH, a, nanpHMep, Top h Vect hgt. 

HpHBe^eM B KOHn,e naparpa(|)a eme o^ny TeopeMy 6e3 ^OKaaaTejibCTBa. 

yTBepacfleHHe 12. Upaeue conpnotceHHue neAummcn HenpepuenuMU cfiyHK- 
mopaMU, a Jieeue conpnMceHHue - KonenpepuenuMU. 

"ynpa:»<;HeHHa 12. 1. /(oKasamb emopou nyuKm ymeepcHcdeHUJi 10. 
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2. JJ^OKasamb, umo (fiyuKii^uH H , onpedeAemaH e doKasamejibcmee ymeep- 
McdenuH 11, neAHemcH cf)yHKmopoM. 

3. /(oKaaamb, nmo e ymeepcHcdeHuu 11 us mpembezo nyuKma CAedyem 
nepeuu. 

4- /I^OKaaamb, nmo onepait,uu eanmuH npedeAO, u Konpedena odnosHaHHO 
npodoAOfcatomcM do (fiyuKmopoe (npuMep 1). 

5. Haumu edununy u KoeduHuv,y conpHMcenuH e npuMepe 1. 

6. OnpedeAumb cmuca KoeduHunu e npuMepe 2. 

7. Upoeepunib KoppeKmnocmb onpedeAenuM Aeeoso u npaeoso conpncHceH- 
Hux (pyuKmopoe k 3a6uea'ioineMy (pyuKmopy U : Top — Set (npuMep 
3). 

8. IJycmb A ecmb ueKomopoe MHOotcecmeo. ConocmaeuM KacHcdoMy ego 
nodMHOMcecmey B zpynny npeo6pa3oeaHuu Gb MHOMcecmea A, naotc- 
duu 3AeMeHm Komopou ocmaeAJiem ece mouKU B nenodeucHCHUMU. 
H Hao6opom, KaMcdou nodzpynne G spynnu npeo6pa3oeaHuu Aut(yl) 
MHOMcecmea A conocmaeuM MHOcncecmeo moneK e A, Komopue ocma- 
wmcsi nenodeuotcHUMU npu nacHcdoM npeodpasoeanuu nodzpynnu. JJo- 
Kasamb, umo UMeem Mecmo o6pamHoe coomeemcmeue FaAya MecHC- 
dy HacmuHHO ynopndoHeHHUMU MHOCHcecmeaMU V{A) u MHOMcecmeoM 
nodzpynn zpynnu Aut(yl). IJop^doK e nacncdoM MHOofcecmee aadan om- 
HomenueM eKAwnenuH X dY . (Fpynna npeodpaaoeanuu Aut(A) co- 
cmoum U3 ecex 6ueKii,uu e Set(A, A) ). 

9. /foKasamb ecmecmeeHHOcmb omo6paMceHUH Ox.y e npuMepe 5. 

10. /I^OKaaamb, umo npouseedenue Aeeux conpnotceHHUx (pyuKmopoe ne- 
AJiemcM AeeuM conpHMceuHUM cfiyHKmopoM, a npouaeedenue npaeux 
conpMCHceHHUx - npaeuM conpMCHceHHUM cfiyuKmopoM. 

2.5 Conpa:aceHHOCTb b 2-KaTeropHH 

CymecTByeT eme o^na Sojiee aScTpaKTnaa xapaKTepHsaitHH conpa>KeHHbix 
4)yHKTopoB nepea TOJKflecTBa, HcnojibsyioiuHe eflHHHii;y h Koe;i;HHHii;y. Ha 
SToro cpasy cjie;i;yeT, hto 2-(|)yHKTopbi na KaTeropHH 2-Cat coxpanaiOT co- 
npajKeHHe (noTOMy hto Bce (jDyHKTopbi coxpanaiOT KaTeropHbie TO^K^ecTBa) . 
KpoMe Toro 3to noKasbiBaeT, hto conpa>KeHHOCTb flBjiaeTCfl hhcto ajireSpa- 
H^ecKHM noHSTHeM H HMeeT CMbicji B jiio6oii 2-KaTeropHH. 
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PaCCMOTpHM flBe flHarpaMMbI X. »?JI 





ic --, ^ /c 

Ik 



/c — -/c 



^^/^^»?H-^\^£i>^/^ Ohh BbipajKaiOT no cymecTBy aScTpaKTHyio 
C , 

CHTyaii;Hio conpajKeHHOCTH b 2-KaTeropHH. 

HMeeeTca BBH^y, hto ^HarpaMMbi KOMMyTaTHBHbi ji^n 1- h 2- CTpejiOK. 
^jia 1-CTpejiOK 3T0 OHeBHflHO. ^Jia 2-CTpejiOK bto oanaHaeT (1// * e) o (r/ * 
liif) = l/f H (e * liT') o (Ip * r/) = Ip. 3th BbipajKeHHa nasbiBaiOTca oSbimho 
TpeyrojibHbiMH TOJK^ecTBaiviH h o6o3Ha^aiOTca Kopone ife o ryiJ = \^ ^ 
eFoFri = Ip. 

yTBep»cfleHHe 13. /I,jih (pyuKmopoe F: C^JCuH: JC^C cAedytomue 
ymeepMcdenuH aKeueaAenmHu: 

• F ^H, 

• cymecmeywm ecmecmeeHHue npeodpasoeanuH e : FH =^ 1/c u rj : 
Ic ^ HF , ydoeAemeopsiwmue mpeysoAtHUM mootcdecmeaM HeorjH = 
1h u eF o Ft] = If- 

/^OKaaaTejibCTBO . 

(Ha nyHKTa 1 cjie;i;yeT nynKT 2): PaccMOTpHM ;i;HarpaMMbi, BbipajKaioiuHe 

HY FHY Y 

A 

yHHBepcajibHOCTb CTpejiOK ey n rjx 3\x\ f{x) 

X FX 



Vx 



X HFX FX 

Hy \3\y Ho^^CTaBHM B nepByio ;i;HarpaMMy Y = FX, 

V 

HY Y 

X = Ipx, a BO BTopyio X = HY, y = Ihy, nojiy^M Tpe6yeMbie paBencTBa 
epx o Fr]x = Ipx h Hey o r]HY = ^hy- 

(Ha nyHKTa 2 cjie;i;yeT nyHKT 1): Onpe^ejiHM OToSpajKenna MejK;i;y Hom- 
MHOJKecTBaMH K,{FX,Y) C{X,HY) cjieflyioni;HM oSpaaoM 

9xAf)-=Hforjx, felC{FX,Y) 
9%c,Y{g):=eYoFg, geC{X,HY) 
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BbiMHCJiaeM ^x,Y(^x,y(/)) = Sy o F{Hf o r]x) = ey o FHf o Fr]x = f o 
Epx ° Frjx = f ° ^Fx = f (mm Hcnojib30BajTH 4)aKT, HTO e eCTeCTBGHHOe 
npeoSpasoeaHHe, h BTopoe TpeyrojibHoe TO>KflecTBo). 

AnajiorH^HO, Ox,Y{Ox,y{g)) = H{ey o Fg) o rjx = Hsy o HFg o rjx = 
Hsy o rjHY ° g = l//y ° g = g (Hcnojib30BajiHCb ecTecTBeHHOCTb rj h nep- 
Boe TpeyrojibHoe TO>K^ecTBo). 

TaKHM o5pa30M, 6x,y ^ (^xy BsanMHO o5paTHbie npeo5pa30BaHHa. 



X Y 1C{FX,Y)^^C{X,HY) 



^HarpaMMa ^ 



!C{Fx,y) 



C{x,Hy) KOMMyTaTHBHa, 



X' Y' ]C{FX',Y')- — ^C{X',HY') 

TaK KaK ^jin BCflKOH CTpcjiKH h : FX' — i> Y' BbinojiHaeTCfl 6x,y{J^{Fx^ y){h)) = 
Ox,Y{y°hoFx) = H{yohoFx)orix = HyoHhoHFxor]x = HyoHhorix'Ox = 
Hy o ex',Y'{h) o X = Hy){9x',Y'ih)). 

Cjie^OBaTejibHO, 6x,y ecTecTBenHafl 6HeKn,Hfl. □ 

Onpe^ejieHHe 14. /(ea odnenma A u B e 2-Kame3opuu /C HasueammcH 
conpa:a<;eHHi>iMH, ecAU 

f 

• cymecmeymm 1-cmpeAKU A B , 

9 

• cymecmeywrn 2-cmpeAKU e : gf ^ 1a, V '■ ^ fg, 

• eunoAHJimmcsi mpeyzoAHue mocHcdecmea feorif = lf,egogri = Ig. 

CmpeAKa g nasueaemcM jieBoft conpa:aceHHOH k f , a f npaBoii conpa- 

jKeHHOH K g, umo o6o3HaHaemcji g -\ f . e HaaueaemcH Koe^HHHij,eH, a rj 
- e^HHHii;eH conpnotceHUH. 

YTBepiKfleHHe 14. 2-^yHKmop coxpauHem cumyatiiUm conpHMcenun. 
/^OKaaaTejibCTBO ocTaBJiaeTca MHTaTejiio. 

IIpHMepbl. 

1. B 2-Cat CHTyaiiHa conpajKenHa corjiacHO onpe^ejieHHio 14 sto oSmh- 
Haa CHTyan,Ha conpajKenHa KaTeropnii. 

2. B 2-Top CHTyaii;Ha conpajKenHa 3to cneii;HajibHbiH cjiynaH cjiaSoii 3k- 
BHBajieHTHOCTH, TaK KaK B 2-Top Bce 2-CTpejiKH oSpaTHMbi (to ecTb 

e m 7] - 2-H30MOp4)H3Mbl). /JonOJIHHTejIbHbIM COOTHOmeHHeM Ha rOMO- 

TonHH 6y^yT TpeyrojibHbie TO>KflecTBa. 3to naxo^HTca b KOHTpacTe c 
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2-Cat, r;i;e conpajKeHHOCTb sBJiaeTca 6ojiee mnpoKHM cbohctbom, hgm 

SKBHBajieHTHOCTb KaTGrOpHH. 

"ynpaacHGHHa 13. 1. Pasodpamtcsi e munax cmpe./ioK u KoppenmHocmu 
ecex npouseedenuu, yHacmeywmux e mpeysoAbuux moofcdecmeax. 

2. PaccMompemb, kuk 2-(f}yHKmop deucmeyem na cumyav,uio conpnMce- 
Husi, 60 umo omo6pacHcaem conpHMceuHue cmpejiKU, eduHuv^y u Koedu- 
Huv^y. /(oKasamb ymeepcHcdeHue 14- 
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FjiaBa 3 

TeH3opHbie KaTeropHH 



B TpeTbefl rjiase paccMaTpHBaiOTca KaTeropHH c ;i,onojiHHTejibHOH CTpyKiy- 
poii (cjiaSoro) MOHOH^a na KaTeropHH. Ohh nivieiOT mnpoKoe HpHMeneHHe 
fljiH pemeHHa pasHbix BonpocoB ot roMOJiorHHecKofl ajireSpbi h tohojiothh 

flO JIHReflHOH JIOrHKH H KBaHTOBOH TeOpHH HOJia. 

3.1 Onpe^ejieHHe TeH3opHOH KaxeropHH 

HanoMHHM, hto ^,JlSl KaxeropHH /C KaTeropna ICxJC coctoht h3 nap o5T>eKTOB 
{A,B) G (/C X /C)o H nap cxpejiOK (/,(?) G (/C x /C)i, r;i,e A,B E /Co, f,g ^ 
1C\. EflHnHn,aMH hbjihiotch napbi e^nnnn, (1^,1^), KOMno3Hn,Ha onpe^ejiena 

HOKOMHOHeHTHO (/, g) O (/', g') := (/ O /', 5( o g'). 

Onpe^ejieHHe 15. CAa6uM mohoh^om na KaxeropHH /C G 2-Cato, na- 

aueaemcsi cajua namesopuji K,, CHa6cHceHHan CAedywvuuMU cmpeAKaMu: 

• (pyuKmopoM ® : /C X /C ^ /C, uaaueaeMUM TensopHbiM npoHSBe^e- 

HHeM, 

• (pyuKmopoM I : 1 ^ IC, sde 1 - e^HHHHHaa namegopuM, cocmoHiu,aH 
U3 odnoso o6zeKma u odnou cmpeAKU ( (fiyuKmop I eudeAnem odun cne- 
HuaAbHuu o6zeKm I e Kamezopuu )C, Komopuu nasueaemcH e^HHHH- 

HblM ), 

• ecmecmeeHHUM u30mop4)U3mom aA,B,c '■ {A B) ® C ^ A {B ® C) , 
HasueaeMUM hsomopcJjhsmom accoij;HaTHBHOCTH, 

• ecmecmeeHHUM usoMopcfiusMOM Xa ■ I ®A ^ A, nasueaeMUM jieBbiM 

e^HHHHHblM H30M0pcJ)H3M0M, 
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HasueaeMUM npa- 



• ecmecmeeuHMM u30Mop(fiu3MOM Pa '■ ^ ® I ^ A, 

BbIM e^HHHHHblM H30MOp4iH3MOM, 

Komopue ydoeAemeopsiwm ueKomopuM ycaoeusiM cosAacoeaHHOcmu, naau- 
eaeMUM ycjiOBnaMH KorepeHTHOCTH, u eupaofcaeMUM deyMH KOMMyma- 
muenuMU duaspaMMUMU 




A^{{B^C)^D) 



'i-A'i^OlB.CD 



{A®B)0{C0D)- 




<^A,B,C(g)D 



0'A,I,B 



■A0{B0{C0D)) 



A0B 

KaTeropHa, na KOTopoii onpe;],ejieHa CTpyKxypa (cjiaSoro) uoHOvijia nasbiBa- 

GTCfl TeH30pH0H HJIH MOHOH/i;ajIbHOH. 

HecMOTpa na fljinny onpe^ejienHa, b HeM Bcero jinnib BBO^iiTca npaBHjia 
onepHpoBaHHfl oS^beKTaMH h CTpejiKaMH b TeHSopHoii KaTeropHH. Tax, na- 
npHMep, flBa oSteKxa A m B mojkho nepeMHOJKHTb A ^ B, jifie CTpejiKH 
f : A ^ A' m g : B ^ B' mojkho nepeMHOJKHTb f g : A ® B ^ A' B' , 
yMHOJKeHHe y^OBjieTBopfleT accoLi,HaTHBHOMy aaKony c tomhoctbio BKBHBa- 
jieHTHOCTH, na e^HHHity I mo>kho coKpamaTB cjieBa h cnpaBa c tomhoctbk) 

SKBHBajieHTHOCTH, CaMH 3KBHBajieHTH0CTH, C TOHHOCTBK) flO KOTOpblX BbinOJI- 

HaiOTCH onepaii;HH, y;i;oBJieTBopaiOT neKOTopbiM ecTecTBeHHbiM TOJKflecTBaivi 
(ycjiOBHaM KorepeHTHOCTn) . Ha caiviOM ^ejie flajKe nivieeT mgcto TeopeMa 
KorepeHTHOCTH MaKJieHHa-CTame(|)a, yTBepjK;i;aioiii;aH, hto b mensopHou 
Kamesopuu ece duaspaMMU, nocmpoeuHue npu noMOVj,u cmpeAOK X, p, a, 
eduHUHHUx cmpeAOK u onepaii,uu mensopHoso yMHOotcenuH ®, KOMMyma- 
mueHu. 

Bojiee HenocpeflCTBeHHbiM onpe;i;ejieHHeM CTpyKTypbi (cjiaSoro) MOHOH;i;a 
Ha KaTeropHH /C SbiJio 6bi HCHOJibsoBaHne ;i;HarpaMM (accoH;HaTHBHOCTH h 
eflHHHn,bi) 



/C X (/C X /C) 
JCxIC 



(/C X /C) X /C 



/C X /C 
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BbinojiHaiomHxca c tohhoctbio flo ecTecTBenHbix h30mop(J)H3mob a, X u p 
(KOTopbie B CBOK) OHepeflb yflOBJieTBopaiOT ycjiOBHSM KorepeHTHOCTn). Hh- 
TaTejiK) peKOMGH^yeTCH cpaBHHTb 3TH jiBa, onpe^ejieHHfl h ySe^HTbCH, hto 

OHH nOJIHOCTbK) Ori^HHaKOBbl. 
IIpHMepbl. 

1. KaTeropna c GnnapHbiM npoH3Be;i;eHHeM x h KonenHbiM oGteKTOM 1 
HBJiaeTca TeHSopHoii c TensopHbiM npoHSBe^eHHeM ® := x h eflHHHH- 

HblM oS^beKTOM J := 1. 

2. KaTeropna c GnHapHbiM KonpoHSBefleHneM ]J h HanajibKbiM oSijeKTOM 
HBjiHeTCH TeH3opHOH c TeH3opHbiM npoH3BefleHHeM ® := U H e^H- 

HH^HblM oST^eKTOM J := 0. 

3. KaTeropna 3H^o4)yHKTopoB End(/C) := 2-Cat(/C, /C) (to ecTb 4)yHK- 

TOpOB, HaHHHaiOmHXCfl H KOH^aiOmHXCH B 0/I,HOH KaTGrOpHH) MBJiaGTCa 
TeH30pH0H C TeH30pHbIM npOH3BefleHHeM ® := O (K0Mn03Hn,HeH (J)yHK- 

TopoB) H / := Ix: (TOJKflecTBeHHbiM 4)yHKTopoM). EcjiH B flByx nepBbix 
npHMepax KaTeropHH Smjih cAa6ue, to ecTb a, A h p 6biJiH ne tojk- 
flecTBeHHbiMH ecTecTBeHHbiMH npeo5pa30BaHHaMH, to KaTeropna sh- 
;],o4)yHKTopoB End(/C) aBjiaeTca cmpoeou (bcg npeo5pa30BaHHa a, A 
H p TOJK^ecTBeHHbie). Ha ochobb btoh KaTeropHH BBO^aTca noHHTHa 

MOHa^bl H KOMOHa^bl. 

4. PaccMOTpHM KaTeropHK) BeKTopnbix npocTpancTB Vect (na^ hojigm 
k). HocTpoHM KaTeropHK), o6T.eKTaMH KOTopoii aBjiaroTca GHjiHHeiiHbie 
OTo6pa>KeHHa / : Xi x X2 — *■ F, r;i;e Xi,X2,Y G Vecto (bgktop- 
Hbie npocTpancTBa) , a CTpejiKH h : f f - jiHRefinbie OToSpajKenna 



(BHJiHHeHHoe OToSpajKCHHe sto OToSpajKenne, jinneHHoe no KajK;i;oMy 
apryMGHTy, nanpHiviep, f{xi,ax2 + hx'2) = af {xi,X2) + bf{xi,X2)). B 
3T0H KaTeropHH cymecTByeT HanajibRbiH oSt-ckt, o6o3HaHaeMbiH ® : 
Xi X X2 — > Xi (g) X2 H Ha3biBaeMbiH TenaopHbiM npoHSBe^eHHeM 
BeKTopHbix npocTpancTB. 

Xi(S)X2 3T0 BGKTOpHOe HpOCTpaHCTBO, SJieMGHTaMH KOToporo aBJiaK)TCa 
KOHeHHUe JIHHeHHbie K0M5HHan,HH BH;],a aiXi^ 0X2-^ + ■ ■ ■ + CLnXl„ ® 3;2„, 

Tf\Q ai,...an G k, Xi^,...,a;i„ G Xi, X2^,.-.,X2„ G X2. OnepaiiHa 



Xi X X2 



/ 



Y 



h : Y ^ Y' TaKHe, mto ^narpaMMa 




Y' 



® paccMaTpHBaeTca kbk GnjinHeiiHaa onepaiiHa na ajieivieHTax npo- 

CTpaHCTB Xi, X2 CO 3HaHeHHHMH B TpeTbCM npOCTpaHCTBG Xi ® ^2- 

Onepaii;Ha ® : Vect x Vect Vect npo^ojiJKaeTca na CTpejiKH TaK, 
HTO ecjiH / : Xi — s> X( H (7 : X2 Xg jiHHeftHbie OToSpajKeHHa, to 
/ (g) 5( : Xi ® X2 ^ X( (g) X2 : aiXi-^ ® a;2i + ■ ■ ■ + flna^u ® X2„ ^ 
aifixi^) ® 5'(x2j + ■ ■ ■ + a„,/(a;i,J ® 5'(x2„) - JiHHeiiHoe OTo6pa>Ke- 
HHe, HasbiBaeMoe TensopHbiM npoHSBe^eHHeM jiHneHHbix OTo6pa- 
jKeHHH f Ti g. TaKHM o6pa30M, TGHSopHoe npoHSBe^eHHe (8 HBJiaeTca 
(J)yHKTopoM flByx apryMGHTOB na KaTeropHH BCKTopHbix npocTpancTB. 
Hmgiot MecTO ecTecTBeHHbie H30Mop(J)H3Mbi ax,Y,z '■ {X ® y) ® Z ^ 
X ig) {Y ig) Z) : {x®y) ® z ^ X® {y IS) z), \x : k® X ^ X : l®x ^ X 
npx :X(8)A;— >X:x®l(— Cjie;i;oBaTejibHO, KaTeropna bgk- 
TopHbix npocTpaHCTB aBJiaeTca TenaopHOH KaTeropnefi c TenaopHbiM 
npoHSBe^eHHeM, aBJiaiomnivica (KJiaccHHecKHivi) TenaopHbiM nponsBe- 
flGHHeM BeKTopHbix npocTpaHCTB, H e/i,HHHn,eH / := k. OynKTop tgh- 
3opHoro yMHOJKeHHH X ® (— ) : Vect — > Vect HMeeT npaBbiii conpa- 
jKeHHbiii Vect(X, — ) : Vect — > Vect. TaxHe KaieropHH nasbiBaiOTca 
3aMKHyTbiMH HO anajiorHH c fleKapTOBO-aaMKnyTbiMH KaTeropnaMH 
(b KOTopbix ® := x). Teopna saMKHyTbix TenaopHbix KaTeropHH hmcgt 
pasBHToe 4)opMajibHoe HCHHCJienHe h BajKna b MacTHOCTH b roMOJiorn- 
HecKOH ajireSpe h jiHHeiiHOH jiorHKe. 

B HeKOTopbix Teopnax TpeSyeTca, htoSm SbiJia HCKOTopaa CBasb MejK^y 
oS^beKTaMH X CB)Y n Y ig X . B bthx cjiynaax BBo;n,aT ecTecTBennbiH naoMop- 
(J)H3M 7:®-^C?)or:/Cx/C^/C, r;i,e r:/Cx/C^/Cx/C - (|)yHKTop, 
MeHaioin;HH MecTaiviH nepByio h BTopyio KOMnoneHTbi napbi oGt-cktob h CTpe- 
JiOK. ^pyrHMH cjiOBaMH, BBOflaTca CTpejiKH 7x,y : X ®Y Y ig X , ecTe- 

CTBGHHO aaBHcamHe ot apryMGHTOB X, Y. Ecjih npoHSBe^eHHe X Y 
Y ® X X 0Y ecTb TOJK^ecTBeHHoe ecTecTBGHHoe npeoSpaaoBaHne Ix^y 
fljia Bcex X, y G /Coi TO KaTeropna IC HasbiBaeTca CHMMeTpHHHoii, b npo- 
THBHOM cjiynae HecHMMeTpHHHoft. Ecjih npeoGpaaoBaHne 7 OTcyTCByex, to 

CHMMCTpH^HOCTb HJIH HeCHMMCTpH^HOCTb TeH30pH0H KaTCFOpHH HCOnpe^e- 

jiena. TpeSycTca, mtoGm 7 caMO y^OBjiCTBopajio ycjiOBHaM corjiacoBannocTH 
(KorepcHTHOCTH) c a, A, p. Mbi ne 6y;i;eM hx BbinncbiBaTb. 

TcHSopHbie KaTeropHH 4)opMHpyiOT 2-KaTeropHio, o6T.eKTaMH KOTopofl 
ohh aBJiaiOTca. EcTecTBCHHO paccMaTpHBaTb ne Bce (|)yHKTopbi Meatfly hhmh 
H He Bce ecTecTBeHHbie npeoSpaaoBaHna, a tojibko corjiacoBannbie c Tenaop- 
hoh CTpyKTypoii. Mbi TaKJKC ne 6yfleM na btom ocTanaBjiHBaTbca, oflnaKO 
^HTaTCJiK) peKOMCHflyeTca no^yiviaTb, Kax 6bi MorjiH Bbirjia^eTb sth ycjiOBHa 
corjiacoBaHHOCTH. 
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"ynpaacHGHHa 14. 1. y6edumhCH, nmo onpedeAenue 15, cmpyKmypu cjia- 
6o20 MOHOuda na Kamesopuu, eupaofcaem e moHHOcmu mo CHce caMoe, 
nmo u onpedeAenue nepes duaspaMMU acconuamuenocmu u edunuii,u. 

2. Hanucamt ypaenenuH, eupacHcawmue ceoucmea menaopnoso npousee- 
denuH ® : K, K, ^ K, 6um,b ^ynnmopoM. 

3. Upoeepumt KoppeKmnocmt onpedeAenusi mensopnux Kamezopuu e npu- 
Mepax 1 u 2. 

4- ymoHnumt end Auneunux usoMop^usMoe ax,Y,z, ^x, Px e npuMepe 
4 na npouaeoAtnux aASMenmax npocmpancme. 

5. /foKasamti, nmo omo6pacHcenue r:/Cx/C^/Cx/C, Mensimmee Mecma- 
Mu nepeyw u emopyw KOMnonenmu o6^eKm,oe u cmpsAOK, sieAsiemcsi 

(pyHKmopnUM U30M0pC^U3M0M. 



3.2 (Ko)MOHOH^bl 



06biMH0 B MaTeiviaTHKe mohoh^om HasbiBaeTca MHOJKecTBO M c oflHoii 6h- 
HapHOH onepaii;HeH ■ : M x M M, KOTopaa npe^nojiaraeTca accoii;HaTHB- 
Hoii, TO ecTb fljiH Bcex a,b, c G M (a ■ b) ■ c = a ■ (b ■ c), h HMeiomeii e^mniiuy 
e, TO ecTb fljiH jiioSoro aGMe-a = a = a-e. Ecjih sanHcaTb sto onpe;],e- 
jienne ^epea ^HarpaiviMbi, to nojiy^M ^bg ^narpaMMbi [accoii,uamuenocmu 
H eduHuv^u) 



M X {M X M) {MxM)xM 



■xIm 



1]\/X- 

MxM- 



M X M M X M 



M 



MxM 




r^e 1 ecTb o^HoajieMeHTHoe MHO»cecTBO (KOHe^Hbiii oStjGkt b xaTeropHH mho- 
jKecTB Set). 

Ho anajiorHH onpe^iejiaiOTca MOHOH;i;bi b jiio6oh TeHSopHoii KaTeropHH. 
KoMOHOH/Ibi nojiy^aiOTca 'oGpameHHeM CTpejiOK'. 

Onpe^ejieHHe 16. Uycmt (/C, ®, /, a, A, p) - mensopnasi Kamesopusi. 

• MoHOH^OM e /C nasueaemcH o6neKm M G /Co ejviecme c deyMM cmpeA- 
KQMu: yMHo:»<;eHHeM ^ : M ® M ^ M u e^nHHi^eii t] : I ^ M 

maKUMU, nmo eunoAHSiiomcsi ypaenenusi, sadaeasMue duazpaMMaMU 
accon^uamuenocmu u edunuv^u 
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M®{M® M)^^\M ®M)®M M®M M®M — ^ M M®M 



M ®M 



M 





1m®'? 



I ®M 



M ®I 



KoMOHOH^OM e /C Haaueaemcsi odneKm C G /Co eMecme c dei/MM 
cmpeAKaMu: KoyMHO^ceHHeM 5 : C — >■ C®C u KoeflHHHij;eH e : C — > 

/ maKUMU, umo eunoAHHwmcM ypaeneHUH, aadaeaeMue duaspaMMGMU 
Koaccov^uamueHocmu u KoeduHuv^u 



C®{C®C) ^ {C®C)®C ^ c 



1^7 8x5 



C c 



5 £(g>lc 



c®c 



c®c- 

IlpHMepbl. 



■c I®C 




OSbiHHbiMH (KJiaccHHecKHMn) MOHOHflaMH jiBJiaiOTca, nanpHMep, mho- 
jKecTBO HaTypajibHbix hhcgji c onepaii;HeH cjiojKeHHa h nyjieivi b Kane- 
CTBe eflHHHii,bi (N, +,0), MHO>KecTBO HaTypajiBHbix ^Hceji c onepan,H- 
eii yMHO>KeHHfl h oSm^hoh eflHHHn,eH (N, ■, 1), MHOJKecTBO KBa^paTHbix 
MaTpHD, (nafl KOJibn,OM c eflHHHn,eH) , MHOJKecTBO npeoSpaaoBanHH mho- 
jKecTBa A B ceSa (Set(y4, A), o, 1^). Bee 3to mohoh^^m b TenaopHOH 
KaTeropHH Set e fleKapTOBbiM npoHSBeflenHeM x b KaneeTBe Tenaop- 
Horo yMHOJKeHHa ® h eflHHHii;eH / := 1. 

MoHOH/i,bi H KOMOHOH^bi B KaTeropHH 3Hflo4)yHKTopoB End(/C) := 
2-Cat(/C,/C) aBJiaiOTea eooTBeTexBeHHO Mona^aMH h KOMOHa^aMH 
(eMOTpHTe ejieflyiomHH naparpacj)). 3to npHMep mohoh;i;ob h komo- 
hoh;i;ob, KOTopbie ne aBJiaiOTea MHOJKeeTBaMH. 

E^HHeTBeHHO B03M0>KH0H eTpyKTypOH KOMOHOH;],a Ha MHO>KeeTBe A G 

Seto (Set paeeMaTpHBaeTea KaK TeHSopnaa KaTeropna no OTHomenHio 
K ;i;eKapTOBy npoHSBefleHHio x h e;i;HHHii;e 1) aBJiaeTea ^HaroHajibHoe 
OTo6pa5KeHHe 6 : A ^ A x A : a ^ {a^ a) (KoyMHOJKeHne) BMeeie e 
OTo6pa>KeHHeM b o^HoajieMeHTHoe MHoaceeTBO ! : A — > 1 (KoeflHHHn,a) . 

PaeeMOTpHM BeKTopnoe npoeTpaneTBO k[X] G Vecto, nopo>KfleHHoe 
MHOJKeeTBOM X (to eeTb X abjiaeiea ero SasneoM) , b TenaopHOH KaTe- 
ropHH (Vect, Oho ;i;oHyeKaeT cxpyKxypy KOMonoHfla c KoyMHO- 
jKenneM 5 : k[X] k[X] ® k[X] : x ^ x®x vl KoeflHHHH;eH e : X ^ k : 
X 1 (oTo5pa>KeHHa sa^aHbi na SasncHbix sjieivieHTax h pacnpocTpa- 
HaiOTca Ha jxpyrvie ho jiHHeiiHOCTH) . 
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"ynpaacHGHHa 15. 1. JJ^OKasamb, nmo MOHOud e Kamesopuu MOHOudoe 
Mon, paccMampueaeMou c deKapmoeuM npouseedenueM e Kanecmee 
meH3opHoso yMHOMcemiH u edummeu - edumiHHUM MOHOudoM ( cocmo- 
sitiijUM U3 odnoso SAeMeHma) , mAmmcfi KOMMymamueHUM MOHOudoM 
e Set. 

2. IJpoeepumb duazpaMMU KoacconuamueHocmu u KoeduHUVfU Sam cmpyK- 
mypu KOMOHOuda na MHOofcecmee (npuMep 3). /foKaaam-b eduHcmeen- 
Hocmb cmpyKmypu KOMOHOuda na MHOCHcecmee e meHsopHou namezo- 
puu (Set, X, 1) (ucnoAbsyn duaspaMMy KoeduHuv^u) . 

3. IJpoeepumb KoppenmHocmb aadanun cmpyKmypu KOMonouda na een- 
mopHOM npocmpaHcmee e npuMepe 4- 



3.3 (Ko)MOHa/i,bi 



OHKCHpyeM oS^beKT A b 2-KaTeropHH /C. Ho onpe^ejieHHio 2-KaTeropHH Hom- 
MHOiKecTBO /C(A, A) npe^CTaBJiaeT coSoh l-KaTeropnio c oSteKTaiviH - 1- 
CTpejiKaMH B /C THna f : A ^ A m CTpejiKaMH - 2-CTpejiKaMH b /C Tnna 

A A ■ 3Ta KaTeropHa flBjiaeTCfl CTporoii TenaopHOH c TenaopHbiM npo- 

r f^g:=fog f,ge)C{A,A)o „ ^ ^ 

HSBeaeHHCM < ^ „ „ n i^/ A A\ ^ eaHHHiieH I := 1a- Mo- 

\ a(g) f3 := a* (3 a, /3 G /C(A, A)i ^ 

naflbi 3T0 MOHom^bi, a KOMonaflbi - komohoh^^bi b KaTeropnH IC{A, A). 3aMe- 

/ 

HaTejibHO, HTO B cumyan^uu conpHMcenun A ^ B cxpejiKa f o g : B ^ B 

9 

Bcer^a ABjiiieTCfl MOHa^oii b /C(i?, 5), a CTpejiKa go f : A A - KOMona^OH 
B K,{A^A). ^a;i;HM TOHHbie onpe;i;ejieHHa. 

Onpe^ejieHHe 17. IJycmb )C - 2-Kame2opusi. 1-cmpeAKa f : A ^ A nasu- 
eaemcM 

• MOHa^OH, ecAU aadanu dee 2-cmpeAKU /i : / o / ^ / (yMHOMcenue) 
u T) : 1a => f (eduHuii,a) manue, nmo duazpaMMU acconuamueno- 

/o/o/ -/o/ Uo/ 4-/o/-^/oU 

emu u eduHuu^u 
KOMMymamuGHU. 
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KOMOHa^oii, ecAU sadauu dee 2-cmpe.aKU 6 : f ^ f o f (KoyMHOCHce 
Hue) u e : f ^ 1a (KoeduHwu^a) maKue, umo duaspaMMU Koaccoii^ua 
mueHocmu u KoeduHunu 

n n n ^f*^ n n e*l f 1 f *£ 



5*1 f 




A 

KOMMymamueHU. 



f 

"yTBep:»<;fleHHe 15. Uycmt A^^J__^B - cumyau^usi conpnotceHUH (c edu- 

9 

Huu,eu rj: Ib^/oqu KoeduHuu,eu e : g o f ^ 1^) e 2-Kame3opuu JC, 
mosda 

• {f o g^lj * e * lg,ri) MGAMemcM Mouadou ua cmpeAKe f o g : B ^ B 
c yMHOOfceHUBM fi := If * e * Ig : f o g o f o g ^ f ° g u eduHUU,eu 
r]:lB^ fog, 

• {gof,lg*ri*lf,e) neAsiemcH KOMOHadou ua cmpeAKe g o f : A ^ A c 
KoyMHOMceuueM 5 := Ig* t] * If -gof^gofogof u KoeduHuu,eu 

/JoKaaaTejibCTBO. JJoKayKeu nepByio ^acTb yTBep»c^eHHa. 

(flHarpaMMa accon,HaTHBHOCTH) : Hy>KHO ;],0Ka3aTb /io(ljog>K/i) = jjio[jjL*lfog). 
rioflCTaBHM B jieByio H npaByio nacTH n h bbihhcjihm Bbipa>KeHHfl, Hcnojibsya 
npaBHJia ajireSpbi b 2-KaTeropHH. 

JleBaa ^acTb: {\f*e*\g)o{lf^g*lf*e*lg) = lf*{eo{\g^f*e))*lg = lf*e*e*lg. 
EpaBaa nacTb: (1/ * e * Ig) o (Ij * e * 1^ * ^fog) = 1/ * (e o (e * Igo/)) * I5 = 
lf*e*e*lg. [B Bbi^HCJieHHHx HcnojibaoBajiocb b ^acTHOc™, ^to 1/og = l/*!^ 
Heo(e*l^oj) = (li^o£)*(5ol^„j) = e*e = (eol^,^)* (^^ 05) = eo{lg,f:^e)\ 

(;],HarpaMMa eflHHHn,bi): Hy>KHO ^OKaaaTb jj,o(^ri*lfog) = 1/og h /io (1^0^*77) = 
no;],CTaBji}ieM /i H BbiHHCJiaeM: {lf*e*lg)o(^ri*lfog) = {{lf*e)o(^ri*lf))*lg = 

[Hcnojib30BajiHCb TpeyrojibHbie TOJKflecTBa] □ 

B KaTeropHH 2-Cat Bepno TaKJKe h oSpaTHoe yTBepjK^eHHe, hto Bca- 
Kaa MOHafla hjih KOMOHa;i;a nojiynaiOTca h3 CHTyaii;HH conpajKenHa, npn- 
HeM cymecTByeT mhofo CHTyan,HH conpa>KeHHa, ^aiomnx ^aHHyio Mona^y 
HJIH KOMona^y. HycTb, HanpHMep, (T, /i, rj) Mona^a na KaTeropHH /C. Bcer^a 
cymecTByeT nenycTaa KaTeropna conpa>KeHHH, ^aiomnx ^aHHyio Mona^y b 
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CMbicjie yTBepjK^ieHHa 15. OGiseKTaMH TaKoii KaTeropHH cjiyjKaT conpajKe- 
HHH ^ M a CTpejiKaMH (J)yHKTopbi $ : £ — s> Z/', p^jin KOTopbix Tpeyrojib- 



HHKH B ^HarpaMMe 




KOMMyTaTHBHbi. HivieiOTCfl HanaAh- 



Huu H KOHeHHuu o6'5eKmu B 3T0H KaTGropHH, TaK HasbiBaeMbie, KaTeropna 
KjieiicjiH H KaTeropna ajire6p 3HjieH6epra-Mypa. Mbi ne 6yfleM na 

3T0M OCTaHaBJIHBaTbCa. 

IIpHMepbi. 



F 

1. riycTb Set J-__ Mon CHTyan,Ha conpajKenHH MejK^y KaTeropHJiMH 

u 

MHOJKecTB H MOHOH^OB. Tor;i;a {U F,UeF,ri) - Monafla na KaTeropHH 
Set. YMHOJKeHHe UeF{A) : UFUF{A) — > UF{A) conocxaBJiaeT cjiOBy 
(a\---al)--- (ar ■ ■ ■ a™ ) b UFUFiA) cjiobo a\ ■ ■ ■ ■ ■ ■ ■ ■ ■ b 
UF{A), r^e Bce a* npHHa;],jie>KaT MHO>KecTBy A. EflHHHLi,a rjA ■ A ^ 
UF(A) - eflHHHn,a conpa>KeHHa, KOTopaa conocTaBjiaeT 3JieMeHTy a € 
A CJIOBO a e UF{A). 

{FU, Fr]U, e) - KOMOHa;i;a na KaTeropHH Mon. KoyMHOJKeHne FrjU (M) : 
FU{M) FUFU{M) coHOCTaBJiaex cjiOBy mi ■ ■ - b FU{M) cjio- 
bo (mi) ■ ■ ■ (m„) B FUFU{M), rji^e mi, . . . ,m„ G M. Koe;],HHHn,a Em '■ 
FU{M) M - KoeflHHHn,a conpa>KeHHa, KOTopaa conocTaBjiacT cjiOBy 
mi ■ ■ ■ m„ B FU{M) sjieivieHT MOHOH;i,a M, aBjiaiomnnca npoHSBeflenH- 
eu ajieMCHTOB mi, . . . , m„ b M. 

2. riycTb V : Set Set - KoeapuanmHuu (^pynKiop MHOotcecmeo-cmeneHb 
(to ecTb ecjiH f : A B - (]3yHKn;Ha, to V{f) : V{A) V^B) - 
4)yHKn;Ha, Ha3HaHaiOHi;aa HOflMHOJKecTBy X C A ero oSpaa f{X) C B). 
Tor^ia [V^l^jT]) - MOHa;i;a na KaTeropHH mhojkcctb Set. YMHO^KeHHe 
IJ : V{V{A)) 'P{A) conocTaBjiaeT MHOJKecTBy no^MHOiKecTB A hx 
o5T.eflHHeHHe. EflHHHn,a r]A '■ A ^(^) conocTaBjiaei sjieMCHTy a & A 

OflHOSJieMCHTHOe MHOJKCCTBO {a} G 'P(^). 

Mona^bi na KaTeropHH Set npe^CTaBjiaioT co6oh o5o6ii],eHHbie ajize6- 
pu (MHO>KecTBa c onepaii,HaMH), KOTopbie, KaK bh^ho h3 npHMepa 2, MoryT 
HMCTb GecKOHCHHOMecTHbie onepaii;HH. Ha caiviOM ;i;ejie aw6ou ajireSpaH^e- 
CKoii CHCTCMC (TaKOH KaK Mon, Grp, Rng h TaK ^ajiee) cooTBCTCTBycT 
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onpe;i;ejieHHaa MOHa;i;a na KaTeropHH MHOJKecTB Set. npoHSBOJibHofl Mona- 
fle Ha KaTeropHH MHOJKecTB MoaceT ne cooTBeTCTBOBaTb HHKaKaa KJiaccHne- 
CKafl ajireSpan^ecKaa CHCTeMa, no sto Sy^eT ajireSpa b neKOTopoM CMbicjie. 
CMbicji KOMOHa^ Menee o^eBH^en, o^HaKO nsBecTHbi hx npHMenenHH b toho- 
jiorHH H KOMHbiOTepHbix HayKax. 

ynpaacHeHHa 16. 1. /I^OKasamh emopyw uacmh ymeepatcdeHUM 15. 

2. Upoeepumb eunoAHeHue ancuoM Monadu Bah KoeapuanmHozo ^yuK- 
mopa MHOotcecmeo-cmeneHh V : Set Set (npuMep 2). 



3.4 (Ko)ajire6pbi 



AjireSpbi aBJiaiOTca MonoH^aMH, a Koajire6pbi KOMOHOH^aMH b KaTeropHH 
BeKTopHbix npocTpancTB Vect. 

Onpe^ejieHHe 18. Ilycmb (Vect, ®, k) KamesopuM eeKmopnux npocmpaHcme 
Had noACM k, paccMampueaeMasi c mensopHUM npouseedenueM ® u edumi- 
Heu I := k. Tosda 

• ajire6pa A amo o6seKm e Vect, sieAsiwmuucji MOHOudoM, mo ecmt 
eenmopHoe npocmpaHcmeo A, cHa6cHceHHoe donoAHumeAhuou cmpyK- 
mypou: 

— cmpeAKOu jj, : Ai^ A ^ A (yMHOotcenueM) 

— u cmpeAKOu rj : k A (eduHuv^eu) maKUMU, umo CAedymvuue 
duazpaMMU KOMMymamueHU 

iA®A)0A''-^A®{A0A)^A®A k®A^A®A^A^k 

A(^A ^A 

• Koajire6pa C amo o6zeKm e Vect, mgamkiuJiUucm KOMOHOudoM, mo 
ecmh eenmopHoe npocmpancmeo C , CHa6cHceHHoe donoAHumeAbHoii cmpyn- 
mypou: 

- cmpeAKOu 5 : C C ® C (KoyMHOotceHueM,) 

- u cmpeAKOu e : A ^ k (KoeduHuv,eu) manuMU, umo CAedytov^ue 
duazpaMMU KOMMymamuenu 
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{C®C)®C^C®{C®C)^C®C k®C^C®C- 



c®c- 



c 




IIpHMepbl. 

1. O^HOMepHoe BeKTopHoe npocTpancTBO k flBjiaeTCfl ajireSpoii h Koaji- 
reSpoH c yMHOJKeHHeM /i : k ® k k : r ® s i— ^rs, eflHHHiteii 
rj : k ^ k : r r, KoyMHOJKeHHeivi 6: k^k®)k: r-l\-^ r(l ® 1) h 
Koe;i;HHHii;eH e : k ^ k : r t-^ r. 

2. HycTb (X) := {1, X, X^, . . . , X", . . . } MOHOud c odnou o6pa3yK>vj,eu 
X (h yMHOJKeHHeM X" ■ X™ := X""*"™), nycTb A;[(X)] BeKTopnoe npo- 
CTpaHCTBO c sjieMGHTaMH MOHOHfla (X) B KaHecTBG 6a3Hca (nanpHMep, 
ro + riX + r2X^ + r^X^ flBjiaeTCfl sjieivieHTOM /c[(X)]). Tor;i,a fc[(X)] 
sBjiaeTca ajireGpoii h KoajireSpoii c yMHOJKeHHeM /i : /i;[(X)] (8)A;[(X)] — > 
k[{X)] : X'^ (g) X™ ;ss:n+m^ eAHHH^eH 7] : k ^ A;[(X)] : 1 1, ko- 
yMHOJKeHHeM 5 : A;[(X)] ^ k[{X)] ® A;[(X)] : X" ^ X'' (g) X'^ 



ii+i2=n 



H Koe^HHHiteii e : A;[(X)] — > k : 



X'' 



ecjiH n > 



(bcg onpen,HH 



X" I— s> 1 ecjiH n = 
saflaHbi na 6a3HCHbix ajieivieHTax h pacnpocTpanaiOTca na ^pyrne no 

JIHHeilHOCTH). 

3. HycTb A G Vecto BeKTopnoe npocTpancTBO, A®^ ■.= A®A TenaopHbiH 
KBa^paT A, TO ecTb ynHBepcajiBHoe pemenHe 3a;],aHH ^jih GHjiHHeiiHbix 

A X A^-A® A 
OTo6pa>KeHHH I 31/1 , ^"^^ := A ® A ® v4 TenaopHbiii Ky6 

B 

A, TO ecTb yHHBepcajibHoe pemenHe 3a/i,anH ^jih TpHjinnenHbix oto6- 
Ax Ax A^^A® A® A 

(sjieMeHTbi 



paaceHHH 




A' 
I 

I 3! ft 

y 

B 



3T0 KOHeHHbie 



cyMMbi BH^a riOij ® ® aig + ■ ■ ■ + r„a„^ ® ® '^na), • • • • Pac- 
CMOTpHM KonpoH3Be;],eHHe Bcex TenaopHbix CTenenefi npocTpancTBa A: 
T{A) := ]J A^' := A^\ 3jieMeHTbi T{A) - KonenHbie cyMMbi 

0<i<oo 0<i<oo 

mensopoe pasHbix CTeneneH c K03(J)(J)Hii;HeHTaMH h3 nojia k (nanpHMep, 
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ro + r3ai®a2 x a^ + r 4(11^(12^ (is ^0,4: sBJiaeTca sjieivieHTOM T{A)). Bgk- 
TopHoe npocTpaHCTBO T{A) HMeeT CTpyKTypy ajire6pbi h KoajireSpbi c 
yMHOJKeHHeM /i : T{A)^T{A) T{A) : (ai®- ■ ■®an)®(«i®- ■ -Cgxim) ^ 
ai ■ ■ ■ ® On ® ■ ■ ■ ® flm, eflHHHLi,eH 1] : k T{A) : 1 i-^ 1, KoyMHO- 
jKGHHeM 5 : T(A) ^ T{A)0T{A) : ai®- ■ -^fln (l)®(ai(g)- ■ ■®a„) + 

(ai)(g)(a2®- ■ ■®a„) + (ai(g)a2)®(a3®- ■ ■®an)H h(ai(g)- ■ ■®a„)®(l) h 

1 1 , 

onepa- 

ai ® ■ ■ ■ ® a„ (-^ n > 
n,HH onpe^ejieHbi na MOHOMax hjih na SasHCHbix sjieivieHTax h pacnpo- 
CTpaHHiOTCH Ha ^pjTue ajieMGHTbi no jiHHeiiHOCTH). liMeeTCH ;],pyraa 
(Sojiee cjio>KHa}i) CTpyxTypa KoajireSpbi na T{A), corjiacoBaHnaa co 
CTpyKTypoH ajireSpbi. 

Onpe^ejieHHe 19. TensopHbiM npoHSBe^eHHeM 

• ajire6p (Ai,/ii,?7i) u (/I2, /i2, ''72) HasueaemcM aAse6pa (Ai (g) A2, /i, 77), 
e Komopou 

— Ai <^ A2 - mensopHoe npouseedenue eenmopHux npocmpaHcme, 

— /i - yMHOMcenue, onpede./ieHHoe kgk KOMnoauv^usi 

Ai® A2® Ai® A2 Ai®Ai®A2® A2 Ai®A2> ^^e 
T23 : Ai®A2®Ai®A2 Ai®Ai®A2®A2 : ai®a2®ai®a2 t-^ ai® 

Ol ® 02 ® ^2 ^ KaHOHUHeCKUU U30M0p(^U3M, MeHHWUJ^UU MecuiaMU 

emopou u mpemuu coMHOotcumeAU e mensopHOM npouseedemiu 

MOHOMOe, 

— Tj - eduHuv^a, onpedeAeuHasi kgk KOMnosuv^uH 
k^k®k'-^A,®A2,^de 5k:k^k®k:l^l®l. 

• Koajire6p (Ci, 5i, ei) u {C2, ^2, ^2) naaueaemcH KoaAze6pa (Ci®C2, 5, e), 
e Komopou 

— Ci® C2 - meHsopHoe npouseedenue eenmopHux npocmpaHcme, 

— 6 - KoyMHOMcenue, onpedeAeHHoe nan KOMno3uv,UH 

Ci ® C2 — Ci®Ci®C2® C2 Ci®C2®Ci®C2> ^de 

T23 : Ci®C2®Ci®C2 Ci®Ci®C2®C2 : Ci®C2®Ci®C2 ^ Ci® 

Ci® C2®C2 - KaHOHUuecKuu u30Mop(fiu3M, MeHumw^uu MecmaMU 
emopou u mpemuu coMHOofcumeAU e menaopHOM npouseedenuu 

MOHOMOe, 

— e - KoeduHuu^a, onpedeAeuHasi kgk komuosuu^um 

Ci ® C2 — k®k k> ^d<^^^k:k®k^k:l®l^l. 



Koe;i;HHHii;eH e : T{A) k : 
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Ajire6pbi h Koajire6pbi (J)opMHpyiOT TenaopHbie noflKaTeropHH KaTeropHH 
BeKTopHbix npocTpancTB Vect c TeHSopHbiM npoH3Be;i;eHHeM, onpe;i;ejieHHbiM 
Bbime, H eflHHHn,eH k. CipejiKaMH b sthx KaTeropHflx BbiCTynaiOT soMOMop- 
(pU3MU ajireSp h KoajireSp. 

Onpe^ejieHHe 20. • FomomopcJjhsmom ajire6p / : (Ai, /ii, r/i) 

{A2, jJ,2,f]2) Hasueaemcsi .auueuHoe omo6paotceHue f : Ai —* A2, kom- 
Mymupywui^ee c onepaii,UMMU yMHOCHcenuM u eduHUVfU, mo ecmt manoe, 
Sam Komoposo CAedywijuue duaspaMMU KOMMymamueHU 




• roMOMop4)H3MOM Koajire6p / : {Ci,6i,ei) —> (02,62,62) nasuea- 
emcM AuneuHoe omo6paoK.eHue f : Ci ^ C2, KOMMymupyiovu^ee c one- 
paVjUMMU KoyMHOoiceHusi u KoeduHuv^u, mo ecmt, manoe, Bah nomopozo 
CAedywmue duazpaMMU KOMMymamuenu 



Ci ® Ci ^ C2 ® C2 



Si 



f 



A 



A, 



S2 

2 





k 



YnpaiKHeHHa 17. 1. y6edumbCA, umo onpedeAenue aAze6pu, dannoe e 
meKcme, coenadaem c o6uhhum onpedeAenueM aAzedpu Had noAeM k 
(cMompume yuednuK aAze6pu). 

2. Upoeepumt KoppeKmnocmb onpedeAenuH cmpyKmypu aAze6pu u koua- 
se6pu Ha npocmpancmee k (npuMep 1). 

3. IJpoeepumb eunoAHenue ancuoM aAse6pu u KoaAze6pu e npuMepe 2. 

4. IJpoeepumb KoppeKmnocmb onpedeAenun meHsopHozo npouseedenuA aA- 
2e6p u KoaA2e6p (onpedeAenue 19). 



3.5 AjireSpbi Xon4)a 

AjireSpbi Xon4)a oSmhho onpe^ejiaiOTCH b TenaopHoii KaTeropHH BeKTopnbix 
npocTpancTB (Vect, ®, k), ho TaKJKe hmgiot cmbicji b hpohsbojibhoh chmmgt- 
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pHHHOH TeH3opHOH KaTeropHH. Mbi 5yfleM cjie;i;oBaTb BTopoMy no;i;xo;i;y, mto- 
6bi SbiJia BH;i;Ha npeeiviCTBeHHOCTb ajireSp Xon(J)a ot o6biHHbix rpynn. Ajire6- 
pbi Xon(|)a HasbiBaiOTca eme KeaHmoeuMU spynnaMU h anajiorH^HO rpynnaM 

naCTO B03HHKaiOT KaK CHMMCTpHH (neKOMMyTaTHEHblx) npocTpaHCTB. 

MoHOHflbl H KOMOHOH;],bI B CHMMeTpHHHOH TeH30pH0H KaTGrOpHH (/C, (8), /) 
MOJKHO TeH30pH0 yMHOJKaTb TOHHO TaK JKG KaK 3T0 SblJIO BBeflGHO B npeflbl- 

flymeM naparpa4)e ji^jisi ajireSp h KoajireSp {T23 := Iai ® 7a2,Ai ® 1^2 fl^i^ mo- 

HOHflOB, H aHajIOrHHHO flJIfl KOMOHOH^Ob) . EflHHHHHblii oS^beKT / G A^o HMeeT 

CTpyxTypy MOHOH^a h KOMonoH^a c yMHO>KeHHeM (/i/ :/ /—>/) = A/, 
eflHHHn,eH (77 :/—>/) = 1/, KoyMHOJKeHHeM (5 : / — »• / (8) /) = Ay^ h Koe^H- 
HHii;eH : / ^ /) = 1/. /^OKaaaTejibCTBO 3thx 4)aKT0B TexHHHecKoe, h mm 
ero onycTHM (b ochobhom ^Ba BcnoMoraTejibHbix (|)aKTa ncnojibsyiOTca, hto 
Xj = Pj m Ij ® Xj = (A/ (g) 1/) o ajjj). 

Onpe^ejieHHe 21. Tlycmh (/C,®,/) - cuMMempuHHasi meHaopHasi Kamezo- 
puH. Bhmohoh^om e /C nasueaemcM o6zeKm B G /Co? fieAHWUi^uucH odno- 
epeMEHHO MOHOudoM u KOMOHOudoM, upuHeM yMHOCHcenue (1 : B ®B ^ B u 
eduHU%a rj : I ^ B jieAMwmcsi soMOMop(f)U3MaMU KOMOHOudoe ( u Hao6opom, 
nmo SKeueaAeHmHO, KoyMHOotcenue 5 : B ^ B ® B u KoeduHuna e : B ^ I 
mAsimmcn zoMOMop^usMaMU MOHOudoe), mo ecmh CAedytomue duaspaMMU 



KOMMymamueHU 



B®B 

T23o(<5<Xi<5) 

B(^B( 



B 



B®B 



V 



B®B 




B 



B 



1(^1- 



B0B 





H3 onpe^ejieHHfl cjie^yeT, ^to 5HM0H0H/i,bi HBjiHioTCfl MOHOH^aMH b Ka- 
TeropHH KOMOHOH/I,OB (hJIH, ^TO TO >Ke CaMOG, KOMOHOH^aMH B KaTCrOpHH 

mohoh;i;ob). Cjie^OBaTejibHO, KaTeropHH mohohaob na KaTeropnn komohoh- 

flOB H KOMOHOHflOB Ha KaTGrOpHH M0H0H;1;0B H30MOp4)HbI. 

riyCTb C G /Co H M G /Co COOTBeTCTBGHHO KOMOHOH^i; H MOHOH^i; B Ka- 

TeropHH (/C, CS, /). Ha ifom-MHO>KecTBe /C(C, M) HMeeTca OHepan,Ha yMHO- 
aceHHa *, Ha3biBaeMaa CBepTKoft hjih KOHBOJiioij;HeH, OHpe^ejieHHaa KaK 



f * g := /Lto(/(g)(j()o(5 HJIH Hepe3 ^narpaMiviy C A C* (8) C ''^ M ® M M. 

yxBepac^eHHe 16. /],ASi KOMonouda C G Kq u MOHOuda M G /Co Hom- 
MHOCHcecmeo JC{C, M) sieAHemcH MOHOudoM omHocumeAtHO onepav^uu ceepm- 
Ku * : /C(C, M) X /C(C, M) ^ /C(C, M) : {f, g) ^ o {f (g) g) o 5, mo ecmh 
onepaiifUH * 
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acconuamuena: V/, g,h ^ f(^{C, M) {f * g) * h = f * {g * h) , u 



UMeem eduHU%y, paenyw rj o e : C ^ M : V/ G /C(C, M) {t] o e) * f 
f = f^(r]oe). 

I^OKaaaTejibCTBO . 

PaccMOTpHM KOMMyTaTHBHyio flHarpaMMy 

C 



^c®c 

smc 

■C {C ® Cf-^ {C C) C 



/(g)(3(8)/i) 

Ax {A(g) A) 
A® A' 



''A, A. A 



{A0A)®A 



A^A 



A 



BepxHHH napajiJiejiorpaMM 3to ycjiOBne Toro, mto 6 - KoyMHOJKeHHe b 

C, COOTBeTCTBGHHO HHJKHHH - yCJIOBHC TOrO, HTO /i - yMHO>KeHHe B M , 

a cpe^HHH - 3T0 ycjiOBHe ecTecTBenHOCTH a. Ecjih nanHcaTb paBencTBO 
npoHSBe^eHHii CTpejiOK, bshtbix b^ojib Bepxnero h HHJKnero 'nojiyne- 
pHMBTpoB', TO nojiyHHM accoii;HaTHBHOCTb if * g) * h = f * {g * h) . 

PaccMOTpHM KOMMyTaTHBHyio ;i;HarpaMMy 





BepxHHe TpeyrojiBHHKH BbipajKaiOT ycjiOBne Toro, ^to £ - KoeflHHHn,a 
B C, HHJKHHe - ^TO 7] - e;],HHHn,a B M, a cpe^HHe npHMoyrojiBHHKH 

KOMMyTHpyiOT HO HOCTpOGHHIO. Tor;i;a K0MH03HH;HH CTpejIOK, BSaTblX HO 

BHeniHHM HyT5iM OT C K M BbipajKaiOT 4)aKT, HTO rjoe - jieBaa h npanaa 
e;i;HHHH;a OTHOCHTejibHO yMHOJKenHa *, to ecTb (rjoe)*/ = f = f*{f]oe) 
(SaMenaHHe: A*/ o (Ij ® f) o X^} = / h pM ° {f ® 1/) o Pc^ = / b CHjiy 

eCTeCTBGHHOCTH A H p). □ 
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B CHJiy npeflbiflymefi TeopeMbi if om-MHOJKecTBO K,{B,B) 5HM0H0H;i;a B 

HBJiaeTCH MOHOHflOM OTHOCHTejIbHO CBepTKH. 

Onpe^ejieHHe 22. Uycmb i? G /Co 6uMOHoud e /C. 

• AHTHnoflOM Ha B nasueaemcM cmpe/iKa S : B ^ B , MeAMioinancM 06- 
pamnuM aAeMenmoM eduHUHHOu cmpeAKU 1b '■ B ^ B omHocumeAhHO 
onepa%uu ceeprriKU, mo ecmb S*1b = V°^ = 1b * S . 

• BuMOHOud B , cHa6afceHHUu anmunodoM S, nasueaemcM ajire6poH 
XoncJ)a. 

He Ka>KflbiH Ghmohoh^ HMeeT anTHno^, ho gcjih oh cyntecTByeT, to e^vrn- 

CTBeHHblH. 

IIpHMepbl. 

1. PaccMOTpHM flGKapTOBy TGHSopHyio KaTeropHK) (Set, x, 1). Mbi snaeM, 
HTO JiioSoe MHOJKecTBO A HMeeT e^HHCTBeHHyio CTpyKTypy KOMOHon^a 
c KoyMHOJKeHHeM 6 : A ^ A X A : a i-^ {a, a) m KoeflHHHu,eH ! : A — > 1. 
Bo3bMeM Tenepb MHoacecTBO G, aBJiaiomeeca rpynnofi (to ecTb mohoh- 
flOM, B KOTopoM KajK^^biH 3JieMeHT HMeeT oGpaTHbifl). CTpyKTypa Koaji- 
reSpbi Ha G coBMecTHMa co CTpyKTypon MOHOH;i;a na G (c rpynnoBbiM 
yMHOJKeHHeM fi : G x G ^ G : {gi, (72) ^ Qi ' 92 ^ rpynnoBOH eflHHHn,eH 
?7 : 1 — i> G : * I— > e, r^e * e^HHCTBenHbiii 3JieMeHT 1, h e eflHHHn,a G), 

TO eCTb G HBJIHeTCH ShMOHOH^OM B (Set, X, 1). CBepTKa B MHOJKeCTBe 

4)yHKH;HH Set(G, G) onpe^^ejiaeTca KaK {f*g){h) := ^oi^f x g)o5{h) = 
f{h) ■ g{h), r^e h G G. CooTBeTCTBenHO anTHHO^i; 5* y^OBJieTBopaeT pa- 
BencTBy e = e{h) = S{h) ■ h = h ■ S{h), to ecTb aBjiaeTca OHepan,HeH 
B3aTHa o6paTHoro 3JieMeHTa h, H03T0My, cymecTByeT na rpynne. Ecjih 
Mbi naoSopoT CTapTyeM c onpe^ejienHa ajire6pbi Xon(J)a b Set, to no- 

JiyHHM, HTO 3T0 flOJIJKeH 5bITb MOHOHfl, (aBTOMaTHHeCKn) COBMeCTHMblH 
C e^IHHCTBeHHO B03M0JKH0H flHarOHajIbHOH CTpyKTypOH KOMOHOH;i;a, B 
KOTOpOM Ka»C;],bIH SJieMeHT HMeeT oSpaTHblH HO OTHOmeHHK) K yMHO- 

jKeHHK), TO ecTb npm^eu k HonaTHio rpynnbi. TaKHM oSpasoM, ajireSpbi 
XoHcJ^a B KaTeropHH MHO>KecTB Set coBnaflaiOT c rpynnaMH. 

2. HycTb G - rpynna c yMHOJKenHeM ■ h eflHHHn,eii e. PaccMOTpHM BeKTop- 
Hoe npocTpancTBO k{G) c SasHCOM G h K034)4)Hn,HeHTaMH h3 nojia k. 
ToT^,a B TenaopHOH KaTeropHH BeKTopnbix HpocTpancTB (Vect, ®, k) 
npocTpancTBO k{G) aBJiaeTca ajireSpoH XoH4)a c yMHOJKeHneM /j, : 
k{G)^k{G) k{G) : gi®g2 ^ 9i-92, e;i;HHHn;eH r] : k ^ k{G) : 1 1— e, 
KoyMHOJKeHHeM 5 : k{G) k{G) ® k{G) : g ^ g ® g, KoeflHHHn,eH 
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e : k{G) ^ k : g ^ 1 -a aHTHno^OM S : k{G) — > k{G) : g ^ g^^ 
(bcg OToSpajKeHHa 3a;i;aHbi na SaancHbix ajieivieHTax h npo^ojiJKaiOTca 

Ha fipyTMQ no JIHHeHHOCTH). 

3. HycTb G - KOHGHHaa rpynna, cocToainaa h3 n ajieivieHTOB. PaccMOT- 

PHM MHOJKeCTBO (J)yHKIi;HH Ha G CO SHaHeHHJIMH B HOJie k, TO eCTb 

Set(G', /c). MHO>KecTBO Set(G, /c) HMeeT CTpyKTypy BeKTopnoro npo- 

CTpancTBa pasMepnocTH n (^eiicTBHTejibHO, BosbMeivi b xa^ecTBe 6a- 

1 r Y- I ^1 1- /I \ f 1 ecjiH h = q 

3Hca 4)yHK^HH {fg\g E G} TaKne, hto /^(/i) — | q q^jih h ^ g ' 

Tor^a JiioSaa (|)yHKn,Ha f : G ^ k flBjiaeTCfl jiHHeHHoii KOiviSHHa- 
n,HeH (|)yHKD^HH fg, HMGHHO, / = X] f {d) f g) ■ AnajiorHHHO, Set(G x 

G, k) jiBJiaeTca BCKTopHbiM npocTpancTBOM pasMepHOCTH c Saan- 
coM {g,h) E G X G. Otojk^^gctbhm SasncHbie 3JieMeHTbi npo- 

CTpancTB Set(G x G,k) n Set{G, k) ® Set(G, k) no npannjiy f\g^h) ^ 
fg®fh-, TO ecTb nojiyMHM KanoHHMecKHH H30Mop(J)H3M 3THX npocTpancTB. 
BeKTopHoe npocTpancTBO Se.t{G, k) HMeeT CTpyKTypy ajire6pbi Xon(J)a 
B KaTeropHH (Vect, (g), /c). Onepan;HH 3a;i;aiOTca cjieflyioin;HM oGpaaoM: 
yMHOJKeHHe /i : Set{G,k) ® Set(G', A;) Set{G,k) : /^^ ® fg^ ^— ^ 

r fg, ecjiH gi= g2 r/ : A; ^ Set(G, fc) : 1 ^ V 1 ■ /„ ko- 

\ ecjiH 51 ^ ^2 ' ^ ' ^ ' ^ si^ 

yMnojKennee : Set(G,A;) ^ Set(G, A;)(8)Set(G, A;) : (/ = E ^ 

= E /(fi')( E /ffi^/ga)), KoeflHnH^a£: : Set(G', A;) ^ A; : / t-^ 

91-92=3 

/(e) (r^e e - eflHnHn,a rpynnbi G), anTnno/i, S* : Set ^ Set f ^ f o i 
(r^e i : G ^ G \ g ^ g~^ - onepan,Hfl o6pani,enHfl b rpynne). 

ripHMep 3 HBjiaeTca nanGojiee nacTbiM npoTOTnnoM 'peajibnbix' ajire6p 
Xon(J)a, ecTecTBenno BoannKaiontHx b reoMeTpnn, KOMGnnaTopnKe, KnanTO- 
BOH (|)H3HKe, xoTa HaBepHoe ein;e panbine ohh boshhkjih b Tonojiornn (b Teo- 
pHH roMOTonnn) b a6cTpaKTH0M BH^e, 5jih3kom k Hameiviy onpe^ejieHHio. 

B saKJiiOHeHHe npHBe^eivi o;i;ho yTBepjK;i;eHHe 6e3 ^OKaaaTejibCTBa. 

yTBep:a<;^eHHe 17. • Anmunod KOMMymupyem c 20MOMop(pu3MaMU 6u- 
MOHOudoe, mo ecmb ecAU / : _Bi — ^ i?2 maKou 20MOMop(pu3M, u Si : 
Bi Bi, z = 1, 2 - aHmunodu e Bi u B2, mo / o 6*1 = 6*2 o / . 

• B cuAy npedudym,e20 nynnma Kamesopun aAse6p Xon(pa neAsiemcH 
nojiHOH nodnamezopueu Kamezopuu 6uMOHOudoe. 
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"ynpa:a<;HeHHa 18. 1. y6edumbCH, umo e onpedeAemm 6uM0H0uda (onpe- 
deAemie 21) o6a ycnoeusi (fi u rj - 20MOMop(f)U3MU KOMOHOudoe, u 6 u 
e - 20MOMop(piL3MU MOHOudoo) SKeueaAeHmHU. 

2. Pa3o6pa'mbCH e demaAHX donas ameAbcmea ijmeepotcdeHUH 16. 

3. /I^OKasamt), nmo anmunod, ecAU cymecmeyem, mo eduHcmeeHHUu. 

4- /foKasamti, Hmo cmpyKmypa KOMonouda coeMecmuMa co cmpyKmypou 
MOHOuda Ha spynne G e (Set, x, 1) (npuMep 1). 

5. Upoeepumh, Hmo eenmopHoe npocmpaucmeo k{G) (npuMep 2) deu- 
cmeumeAbHO sieAsiemcH aAse6pou Xon^a. 

6. Pa3o6pambcn e cmpynmype onepaii,uu aAse6pu Xoncpa Set(G, k) (npu- 
Mep 3) u npoeepumb eunoAHenue ancuoM. 
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